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Abstract
We use a prescription to gauge the SU(2) Skyrme model with a U(1) field,
characterised by a conserved Baryonic current. This model reverts to the usual
Skyrme model in the limit of the gauge coupling constant vanishing. We show
that there exist axially symmetric static solutions with zero magnetic charge,
which can be electrically either charged or uncharged. The energies of the
(uncharged) gauged Skyrmions are less than the energy of the (usual) ungauged
Skyrmion. For physical values of the parameters the impact of the U(1) field
is very small, so that it can be treated as a perturbation to the (ungauged)
spherically symmetric Hedgehog. This allows the perturbative calculation of
the magnetic moment.
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1 Introduction
For a long time now, much attention has been paid to the Skyrme [1] model in 3
dimensions. It is believed to be an effective theory for nucleons in the large N limit
of QCD at low energies. The classical properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nuclei [2, 3, 4].
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5]
was used to study the decay of nucleons in the vicinity of a monopole [5], while the
SU(2)L gauged model [7] was used to study the decay of nucleons when the Skyrme
model is coupled to the weak interactions [7]. The Skyrme model has also been used
to compute the quantum properties of the Skyrmion [3] where the gauge degrees of
freedom are quantised to compute the low energy eigenstates of a Skyrmion. These
states were identified as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model can be coupled to a self
contained electromagnetic field and that this U(1) gauged model has stable classical
solutions. In addition to these solitons with vanishing magnetic and electric flux, we
show that this system supports solutions with nonvanishing electric flux which are
analogous to the dyon solutions of the Georgi-Glashow model, just as the uncharged
solitons are the analogues of the monoploles [8] of that model. The electrically charged
lumps have larger energy, or mass, than the uncharged soliton, just like the Julia-Zee
dyon [9] has larger energy, or is heavier, than the (electrically uncharged) monopole.
We shall refer to these lumps as charged U(1) Skyrmions.
In addition to its intrinsic interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged Sd model with N < d for the case d = 3, N = 2 , extending the results of
Ref. [10] which were restricted to the N = d cases. (The work of Ref. [10] consists
of establishing topological lower bounds for the generic case, encompassing earlier
examples in two [11] and three [12, 13] dimensions respectively.) The gauging pre-
scription used here by us coincides precisely with that used in Ref. [5] and permits
the establishing of a topological lower bound which did not feature in Ref. [5] and
which is carried out here to establish the stability of the soliton. Such lower bounds
are absent in the other prescription of gauging the Skyrme model as in Refs. [7].
(Notice that we name the sigma models after the manifold in which the fields take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime called the O(d+1) model in the literature will be refered to as the
Sd model.)
The U(1) gauged SU(2) Skyrme model is described by the Lagrangian [5]
L = F
2
π
16
Tr
(
DµUDµU
†
)
− 1
32a2
Tr
(
[(DµU)U
†, (DµU)U
†]
)2 − 1
4
F2µν
where the U(1) gauge covariant derivative is
DµU = ∂µU + ieAµ[Q,U ] , (1)
2
where Fµν = ∂µAν − ∂νAµ and where the charge matrix of the quarks is expressed
as Q = 1
2
(1
3
1 + σ3). This differs from the covariant derivative of Ref. [5] only in the
unimportant matter of the sign of i in (1), which we have chosen for consistency of
the convention used in Ref. [10].
In what follows it will be more convenient [10] to parametrise the Skyrme field as
an S3 valued field φa = (φα, φA), α = 1, 2, A = 3, 4 subject to the constraint |φa|2 = 1.
The two fields U and φ are related to each other via the following expression
U = φaτa, U−1 = U † = φaτ˜a (2)
where τa = (iσα, iσ3, 1) and τ˜a = (−iσα,−iσ3, 1), in terms of the Pauli matrices
(σ1, σ2, σ3).
The gauge covariant derivative now can be re-expressed as
Dµφ
α = ∂µφ
α + Aµε
αβφβ, Dµφ
A = ∂µφ
A. (3)
where Aµ = eAµ and Fµν = eFµν .
The Lagrangian for the U(1) gauged Skyrme model can then be written as
L = −λ0F 2µν + λ1|Dµφa|2 − λ2|D[µφaDν]φb|2 (4)
where the square brackets on the indices imply (total) antisymmetrisation and where
λ−10 = 4e
2, λ1 = F
2
π/8 and λ
−1
2 = 8a
2. The late Greek indices µ label the Minkowskian
coordinates, while the early Greek indices α = 1, 2 and the upper case Latin indices
A = 3, 4 label the fields φa = (φα, φA).
The static Hamiltonian pertaining to the Lagrangian (4) is
H = λ0F 2ij + λ1|Diφa|2 + λ2|D[iφaDj]φb|2
+i2λ0|∂iA0|2 + A20{λ1|φα|2 + 16λ2[|φα|2|∂iφA|2 + 14 |∂i(|φA|2)|2]},
(5)
where the indices i = α, 3 label the space-like coordinates.
To find the static solutions of the model, one would usualy solve the Euler La-
grange equations which minimise the Hamiltonian (5), but because of the electric
potential A0, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for static solutions, but, as for the Julia-Zee dyon [9], we
have to impose the proper asymptotic behaviour for the electric potential to obtain
static solutions which are electrically charged (in the classical sense, i.e. solutions
where the flux of the electric field is non zero).
When the full equations of motion are written down, one finds as expected that
there are static solutions for which A0 = 0, i.e. solutions for which the electric field is
identically zero. For these solutions in the temporal gauge, the equations of motion
reduce to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon charge of the U(1) gauged Skyrme model with and whithout
an electric field, for various values of the U(1) coupling constant (or equivalently the
3
Skyrme coupling). For physical values of these parameters in the model, we find that
the energy (mass) of the gauged Skyrmion does not differ significantly from that of
the ungauged charged-1 Skyrmion, namely the familiar hedgehog [1]. This implies
that for these values of the physical parameters, the U(1) gauged Skyrmion can be
regarded as a perturbation of the (ungauged) hedgehog, enabling the computation
of the magnetic moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1],
perturbatively using the method employed by Klinkhamer and Manton [14] for the
sphaleron of the Weinberg–Salam model.
In Section 2, we define the topological charge and establish the corresponding
lower bound on the energy functional. In Section 3 we present the solutions which
have no electric fields in the first subsection and electrically charged solutions in
the second subsection. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is carried out in Section 4, and Section 5 is devoted to a
discussion of our results.
2 The topological charge and lower bound
The definition of the topological charge is based on the criterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement can be systematically [10]
satisfied by arranging the gauge invariant topological charge density to be the sum
of the usual, gauge variant winding number density
̺0 = εijkε
abcd∂iφ
a∂jφ
b∂kφ
cφd , (6)
plus a total divergence whose surface integral vanishes due to the finite energy condi-
tions, such that the combined density is gauge invariant. In 3 dimensions, this is given
explicitly in Refs. [10, 13] for the SO(3) gauged S3 model, and for the present case of
interest, namely the SO(2) gauged S3 model, the charge density can be derived from
that of the SO(3) gauged model by contraction of the gauge group SO(3) down to
SO(2). It can also be arrived at directly. To state the definition of the charge, we
denote the gauge covariant counterpart of (6) by
̺G = εijkε
abcdDiφ
aDjφ
bDkφ
cφd , (7)
so that using the notations (6) and (7) we have the definition of the gauge invariant
topological charge
̺ = ̺0 + ∂iΩi, (8)
= ̺G +
3
2
εijkFij(ε
ABφBDkφ
A) . (9)
In (8) the density Ωi is the following gauge variant form
Ωi = 3εijkε
ABAj∂kφ
A φB. (10)
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The flux of Ωi vanishes, as can deduced by anticipating the finite energy conditions
to be stated later.
Note that the 3-volume integral of ̺0 in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying ̺, (9), with the naught component j0 of the Baryon current, jµ is
defined by
jµ = εµνρσεabcd∂νφ
a∂ρφ
b∂σφ
cφd + 3 εµνρσ ∂ν(Aρε
ABφB∂σφ
A) (11)
= εµνρσ εabcdDνφ
a Dρφ
bDσφ
cφd − 3
2
εµνρσ Fνρ(εABφ
BDσφ
A). (12)
The 4-divergence of (11) receives a contribution only from its first term, which
being locally a total divergence implies that the 3-volume integral of j0 is a conserved
quantity. Alternatively we consider the 4-divergence of (12),
∂µj
µ = 6εµνρσεαβεABDµφ
αDνφ
βDρφ
ADσφ
B (13)
which is analogous to the corresponding quantity in the work of Goldstone and
Wilczek [6]. This contrasts with the expression for the total divergence of the topolog-
ical current in the work of d’Hoker and Farhi [7], where a different gauging prescription
is used leading to that quantity being equal to the local anomaly.
We now proceed to find a model whose Hamiltonian H0 is bounded from below by
the topological charge density defined by (9). We will then show that the Hamiltonian
(5) is given by H0 plus certain positive definite terms.
First of all, we reproduce the density ̺G, (7), in (9) by using the following in-
equality
(κ3Diφ
a − εijkεabcdκ22DjφbDkφcφd)2 ≥ 0 (14)
where the two constants κ3 and κ2 have the dimensions of length. Expanding the
square, we get ̺G on the right hand side of
κ23(Diφ
a)2 + κ42(D[iφ
aDj]φ
b)2 ≥ 2κ3κ22̺G. (15)
To reproduce the other term in (9), 3
2
εijkFij(ε
ABφB∂kφ
A), we use the following
inequality
(κ20Fij −
1
2
κ4εijkε
ABφBDkφ
A)2 ≥ 0 (16)
yielding
κ40F
2
ij + κ
2
4
1
4
(εABφBDiφ
A)2 ≥ κ20κ4εijkFij(εABφBDkφA). (17)
With the special choice for the relative values of the constants 3κ3κ
2
2 = κ4κ
2
0, the
sum of (13) and (15) yields the following
κ40F
2
ij + κ
2
3(Diφ
a)2 + κ42(D[iφ
aDj]φ
b)2 +
9κ23κ
4
2
4κ40
(εABφBDiφ
A)2 ≥ 2κ3κ22̺. (18)
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The right hand side of (18) is now proportional to the topological charge density
̺ defined by (9) so that the inequality (18) can be interpreted as the topological
inequality giving the lower bound on the energy density functional if we define the
latter to be the left hand side of (18), namely
H0 = κ40F 2ij + κ21(Diφa)2 + κ42(D[iφaDj]φb)2 +
9κ23κ
4
2
4κ40
(εABφBDiφ
A)2. (19)
The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A0 = 0). It differs from the latter only in its last term.
Now we can use the identity
(εABφBDiφ
A)2 = (Diφ
a)2 −
[
1
2
(φ[αDiφ
β])2 + (φ[αDiφ
A])2
]
(20)
and add the positive definite term
κ2
3
κ4
2
9κ4
0
[
1
2
(φ[αDiφ
β])2+(φ[αDiφ
A])2
]
appearing on the
right hand side of (20) to H0 in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
H = κ40F 2ij + κ21(Diφa)2 + κ42(D[iφaDj]φb)2 ≥ 2κ3κ22̺ (21)
which is nothing but the static Hamiltonian (5) in the temporal gauge A0 = 0, and
where
λ1 = κ
2
3(1 +
9κ42
4κ40
), λ0 = κ
4
0, λ2 = κ
4
2. (22)
By virtue of (18), (21) is also bounded from below by 2κ3κ
2
2̺, namely by a number
proportional to the topological charge density ̺.
We thus see that H0 can be considered as a minimal (U(1) gauged) model, but
from now on, we will restrict our attention to the physically more relevant model (21)
and integrate it numerically to find its topologically stable finite energy solitons.
The soliton solutions to the system (21) can only be found by solving the second-
order Euler-Lagrange equations, and not some first-order Bogomol’nyi equations since
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density functional H. In this context we note that saturating (14) and (16)
does indeed saturate the topological lower bound on the functional H0 by virtue of
the inequality (18), and should it have turned out that the Bogomol’nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H0
would have been a very interesting system to consider. As it turns out however, these
Bogomol’nyi equations have only trivial solutions in exactly the same way as in the
case of the (ungauged) Skyrme model [1].
The energy for the static configuration, when the electric field vanishes, is ex-
pressed as
E(λ0, λ1, λ2) =
∫
d3x [λ0F
2
ij + λ1(Diφ
a)2 + λ2(D[iφ
aDj]φ
b)2] (23)
6
and performing the dilation x→ σx, Aµ → σ−1Aµ, we get
E(λ0, λ1, λ2) =
∫
d3x [
λ0
σ
F 2ij + σλ1(Diφ
a)2 +
λ2
σ
(D[iφ
aDj]φ
b)2]. (24)
If we choose σ = (λ2
λ1
)1/2 then we have
E(λ0, λ1, λ2) = (λ1λ2)
1/2E(
λ0
λ2
, 1, 1) , (25)
from which we see that we can set λ1 = λ2 = 1 without any loss of generality. By
virtue of (21) and (25), we can finally state
E(λ0, λ1, λ2) ≥ 2( λ1λ2
1 + 9λ2
4λ0
)1/2
∫
d3x ̺. (26)
Notice that for the usual Skyrme model we have
Esk(λ1, λ2) =
∫
dx3[λ1(∂iφ
a)2 + λ2(∂[iφ
a∂j]φ
b)2]
= (λ1λ2)
1/2Esk(1, 1)
≥ 2(λ1λ2)1/2
∫
dx3̺0.
(27)
We will use (27) to compare the numerical solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topological stability considerations discussed
in this Section apply only to the solutions with no electric field, i.e.with A0 = 0.
3 The soliton and the charged U(1) Skyrmion
To find the static solutions, we have to look for the largest symmetry group of the
functional to be subjected to the variational principle, and look for solutions which
are invariant under that symmetry group. For the solutions in the A0 = 0 gauge
this is the static Hamiltonian (21), while for the solutions in the A0 6= 0 it is the
Lagrangian (4). For our choice of gauge group the largest symmetry is the SO(2)
group corresponding to an axial rotation in space-time and a gauge transformation
on the gauge field. Defining the axial variables r =
√
x21 + x
2
2 and and z = x3 in terms
of the coordinates xi = (xα, x3), α = 1, 2, the most general axially symmetric Ansatz
[15] for the fields φa = (φα, φA) (with α = 1, 2 and A = 3, 4), and, Ai = (Aα, A3), is
φα = sin f sin g nα , φ3 = sin f cos g , φ4 = cos f , (28)
Aα =
a(r, z)− n
r
εαβ xˆβ +
c2(r, z)
r
xˆα A3 =
c1(r, z)
r
, A0 =
b(r, z)
r
, (29)
7
with nα = (sin nφ, cosnφ) in terms of the azimuthal angle φ and xˆα = xα/r. n in n
α
is the vorticity, which for the Nucleons of interest to us here, equals one, n = 1. The
functions a, b, c1, c2, f and g both depend on r and z.
Our Ansatz (29) for the U(1) field consists of decomposing the latter in the most
general tensor basis possible. We will find out below, when we compute the Euler–
Lagrange equations, that the functions c1 and c2 vanish identically. Anticipating this,
we suppress them henceforth. In its final form this Ansatz agrees with that used in
Ref. [15], the latter being arrived at by specialising the Rebbi–Rossi Ansatz for the
axially symmetric SO(3) field.
The static Hamiltonian, i.e.the T00 component of the energy mometum tensor Tµν ,
is then given by
H =
∫ {λ0
r2
[
a2r + a
2
z + (br − br )2 + b2z
]
+λ1
2
[
f 2r + f
2
z + sin
2 f(g2r + g
2
z) +
a2+b2
r2
sin2 f sin2 g
]
+2λ2 sin
2 f
[
(frgz − fzgr)2 + sin2 g[a2+b2r2 (f 2r + f 2z + (g2r + g2z) sin2 f)]
]}
rdrdz.
(30)
The boundary conditions for the Skyrmion fields are the same as the boundary
conditions for the hedgehog ansatz when expressed in the cylindrical coordinates
where g = π/2 + arctan(z/r) and defining R = (z2 + r2)1/2, f ≡ f(R) with f(0) = π
and limR→∞ f(R) = 0. From this we can deduce that the function f has a fixed value
at the origin and at infinity. For smothness along the z axis, each field, that is f , g and
Aα must satisfy the condition that the partial derivative with respect to of the field at
r = 0 vanishes. The boundary conditions and the asymptotic behaviours for a and b
are chosen so that the gauge fields Aµ are well defined and A0 looks asymptoticaly like
a coulomb field (i.e. with an electric charge but no magnetic charge). We also require
that the total energy be finite. These conditions leads to the following constraints:
f(0, 0) = π f(r →∞, z →∞) = 0 fr(r = 0, z) = 0
g(r = 0, z < 0) = 0 g(r = 0, z > 0) = π gR|R→∞ = 0
a(r = 0, z) = 1 ar|∞ = 0 az|∞ = 0
ar(r = 0, z) = 0 A0(r →∞, z →∞) = V0 + q/r A0(r = 0, z) = 0
(31)
where R = (z2 + r2)1/2 and where we have used the notation ∂a
∂r
= ar etc. Note
that the field g is undefined at the origin and the resulting discontinuity of g at that
point is an artefact of the coordinate system used. The asymptotic behaviour of A0
at infinity will be discussed in a later Section. To solve the equations numerically, it
is more conveniant to use the field A0 rather than b; this is why we have expressed
the boundary condition in terms of that field. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
8
Now the volume integral (with the appropriate normalisation of 12π2) of ̺0 given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in ̺0 and the volume integral is computed
subject to the boundary conditions given above, the result will equal the integer n
defined in (28). Thus, the Baryon number of the field configuration (28) equals the
vortex number n. In what follows, we will restrict ourselves to unit Baryon number,
n = 1, i.e.to the Nucleons.
Before we proceed to substitute the Anstaz (28), (29) into the field equations, we
calculate the Baryon current (11) for the field configurations (28), (29) described by
the solutions we seek. We express the space-like part of this current ji in the radial
direction flowing out of the normal to the surface of the cylinder which we denote by
jr, and in the z direction which we denote by jz. The result is
jr =
6
r
[(f˙ gz − g˙fz)a sin2 f sin g (32)
+
1
2
(g˙az − a˙gz) sin f cos f sin g + 1
2
(a˙fz − f˙az) cos g]
jz = −6
r
[(f˙gr − g˙fr)a sin2 f sin g (33)
+
1
2
(g˙ar − a˙gr) sin f cos f sin g + 1
2
(a˙fr − f˙ar) cos g] ,
where we have denoted ∂f
∂t
= f˙ etc. Note that the Baryon current (32), (33) are not
sensitive to the charge of the Nucleon, i.e. that the function b(r, z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational principle applied to the Lagrangian (4), in the static limit.
9
Substituting the ansatz (28) (29) into these equations of motion leads to
arr −arr − azz − a sin2(f) sin2(g)
[
λ1
2λ0
+ 2λ2
λ0
[f 2r + f
2
z + (g
2
r + g
2
z) sin
2(f)]
]
= 0
brr − brr + br2 + bzz − b sin2(f) sin2(g)
[
λ1
2λ0
+ 2λ2
λ0
[f 2r + f
2
z + (g
2
r + g
2
z) sin
2(f)]
]
= 0
∆f −(g2r + g2z + a
2−b2
r2
sin2 g) sin f cos f+
+4λ2
λ1
sin f
[
(gr(fzzgr − frgzz + fzgrz − frzgz − fz/rgz)
+gz(frrgz − fzgrr + frgrz − frzgr + fr/rgz))sin f + (frgz − grfz)2 cos f
+ sin g/r2
(
(a2 − b2)(f 2r + f 2z − 2(g2r + g2z) sin2 f) cos f sin g
+((a2 − b2)(frr + fzz − fr/r) + 2fr(aar − bbr) + 2fz(aaz − bbz)) sin f sin g
+2(a2 − b2)(frgr + fzgz) sin f cos g
)]
= 0.
∆g +2(frgr + fzgz) cot f − a2−b2r2 sin g cos g+
+4λ2
λ1
[
fz(fzgrr − frrgz + frzgr − frgrz + fzgr/r)
+fr(frgzz − fzzgr + frzgz − fzgrz − fzgz/r)
+ sin g/r2
(
(a2 − b2)((g2r + g2z) sin2 f − f 2r − f 2z ) cos g
((a2 − b2)(grr + gzz − gr/r) + 2gr(aar − bbr) + 2gz(aaz − bbz)) sin2 f sin g
+4(a2 − b2)(frgr + fzgz) cos f sin f sin g
)]
= 0.
(34)
In the case of the A0 = 0 gauge, equations (34) coincide with the Euler-Lagrange
equations derived from the positive definite Hamiltonian density (5). Moreover in
that case, those equations also coincide with the Euler-Lagrange equations of the
reduced two dimensional Hamiltonian obtained by subjecting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expected due to the strict impo-
sition of symmetry. In the A0 6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) which is not positive definite. Nonetheless these equations
coincide with those arising from the reduced two dimensional Lagrangian obtained
by subjecting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9].)
3.1 A0 = 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for which b = 0 (i.e. A0 = 0).
As mentioned before, in that case, equation (34) can be obtained by minimising the
Hamiltonian (30). Notice also that setting a = 0 is not compatible with our boundary
conditions (Ai would not be well defined at the origin). We thus expect our gauged
solution to carry a non-zero magnetic field.
To show this we have to solve equations (34) numerically for the non-vanishing
functions f(r, z), g(r, z) and a(r, z).
We have restricted our numerical integrations to the case where the vortex number
n appearing in the axially symmetric Ansatz (28) is equal to 1, i.e.our soliton carries
10
unit Baryon number.
Using (30), we have found numerically that E(1, 1, 1) = 24π21.01 whereas for
those values of λ0, λ1, λ2 the lower bound for the energy given by (26) is 24π
20.555.
In Figure 1, we present the total energy for the gauged Skyrmion as a function of
λ0, together with the lower bound given by (26). Note that the asymptotic value
of E(λ0, 1, 1) is 24π
21.232 as λ0 → ∞. As a comparison, the energy (27) for the
ungauged Skyrmion is Esk(1, 1) = 24π
21.232 with a lower bound set at 24π2. We see
that E(λ0 = ∞, 1, 1) = Esk(1, 1) which means that as λ0 → ∞, the gauge coupling
1/λ
1/2
0 goes to zero and the gauged Skyrmion becomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expected, but that on the other hand, the
amount by which the energy of the gauged Skyrmion exceeds its topological lower
bound is larger than the excess of the energy of the ungauged Skyrmion above its
respective topological lower bound. For example we can clearly see from Figure 1.a
that at λ0 = 20, the energy of the gauged Skyrmion 1.22 (in units of 24π
2) exceeds
the lower bound 0.95 by 0.27. This is larger than 0.232, the excess of the ungauged
Skyrmion energy over its lower bound. For smaller values of λ0 Figure 1.a shows that
the excess of the energy of the gauged Skyrmion over its lower bound is even larger,
hence this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to λ0
in (30), is decreasing as λ0 increases. Notice that we could have used for the Maxwell
Energy the sum of all the terms involving the gauge field functions a and b in (30),
but this would lead to a figure similar to Figure 1.b.
In Figure 2, we show the profile and the level curve for the energy density of the
Skyrmion in the r, z plane for λ0 = 1. One sees clearly that the effect of the gauged
field is to make the Skyrmion elongated along the z axis. The magnetic field vectors
of the Skyrmion are parallel to the r, z plane. In Figure 3, we show the configuration
of magnetic field using arrows to represent the magnetic field vector at each point on
the grid. Notice that there is a vortex around the point r = 2, z = 0. The magnetic
field is thus generated by a current flowing on a ring centred around the z axis.
In terms of the usual physical constants[3], we have λ−10 = 4e
2, λ1 = F
2
π/8 and
λ−12 = 8a
2 where we use a instead of the traditional e for the Skyrme coefficient to
avoid confusion with the electric charge.
In our units, c = h¯ = 1, we have e = (4πα)1/2 where α = 1/137 is the fine
structure constant. Choosing Fπ = 186MeV , we can find the value for a by requiring
that the energy of the neutron Mn = 939MeV matches the energy of the Skyrmion:
Mn =
Fπ
8a
E(
2a2
e2
, 1, 1).
In Figure 1.a, we can read the value of E(λ0, 1, 1) (given in units of 24π
2MeV ) with
λ0 = 2a
2/e2. We now have to find the value of λ0 for which 24π
2E(λ0, 1, 1) =
2(2λ0)
1/2eMn/Fπ. The intersection between the curve
eMn
6π2Fpi
(2λ0)
1/2 and the curve
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Figure 1: a) Energy and topological bound of the gauged Skyrmion in units of 24π2.
b) Ratio of the electromagnetic and the total energy as a function of λ0 .
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Figure 2: a) Energy density for the gauged Skyrmion in the (r, z) plane (λ0 = λ1 =
λ2 = 1). b) Energy density level curve for the gauged Skyrmion (λ0 = λ1 = λ2 = 1).
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Figure 3: Magnetic Field of the gauged Skyrmion (λ0 = λ1 = λ2 = 1).
E(λ0, 1, 1) in Figure 1.a is located in the region where the energy is virtually equal to
the asymptotic value E(λ0, 1, 1) = 1.232. This means that a ≈ 3π21.232Fπ/Mn ≈ 7.2
and that λ0 ≈ 1138. We can thus conclude that the effective impact of the Maxwell
term we have added to the Skyrme model is relatively small.
This justifies the procedure used in [5] where the Skyrmion was coupled with
an external magnetic field of a magnetic monopole. Indeed, as the Maxwell field
generated by a Skyrmion is very small (for the parameters fitting the actual mass of
the nucleons) the external field is much larger than the Skyrmion’s magnetic field.
It would be interesting to find the differences between the electromagnetic quan-
tities obtained from the ungauged model, as in [3], and our U(1) gauged model. We
are not able to compute the solutions of the U(1) gauged model for the physical value
of the parameter λ0 as this is too large, but as we now know that the influence of
the gauge field is very small, we can compute the latter perturbatively around the
(ungauged) Hedgehog as an induced field. This enables the evalution of the energy
correction and the induced magnetic moment. This perturbative analysis will be be
carried out in the Section 4.
It can also be concluded that if the U(1) gauged Skyrme model were quantised as
in [3] (by quantising the zero modes corresponding to the global gauge transforma-
tion) but taking into account the electromagnetic field generated classically by the
Skyrmion, the result would not differ very markedly from what was obtained in [3].
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3.2 A0 6= 0 : charged U(1) Skyrmion
We can now look for solutions with a non-zero electric charge by requiring that the
field b in our ansatz (29) does not vanish. To do this we follow the same procedure
as Julia and Zee [9] and require that the electric field be asymptotically of the form
A0 = V0+ q/(r
2+ z2)1/2 where V0 and q are two constants. In practice, one computes
solutions for different values of V0 and evaluates q by computing the electric flux. We
sought only those solutions, for which the electric flux equals 4π times the charge of
the electron.
It is important to realise that in this case, equations (34) are obtained after min-
imising the action and thus they do not minimise the Hamiltonian (30).
In our units, the charge of the electron is 0.303. In Figure 4 we show the energy
as a function of λ0, as well as V0 as a function of λ0, so that q = 0.303.
One can see that, for a fixed value of λ0, the energy of the charged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when λ0 < 7 but it is always
larger than the energy of the uncharged gauged Skyrmion. If the energies of the
electrically charged and uncharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron mP and mN , then on this purely classical level
we would have to conclude that (mP −mN ) > 0 which is not correct. This is expected
on the basis of its analogy with the dyon [9]. Clearly, to calculate this mass difference
correctly one would have to perform the collective coordinate quantisation as in Ref.
[3], which we do not do here.
The energy of the charged Skyrmion increases with λ0. It is unfortunately very
difficult to carry out the numerical computations accurately when λ0 is very large.
At this stage, it is worth saying a few words about the numerical methods we
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have used. To compute the static solutions, we have employed a relaxation method
using finite differences on a regular grid (dr = dz). This discretisation method is
similar to the one employed in the numerical computation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18]. To compute the electrically charged
solutions, we have imposed the boundary condition b(∞,∞) = V0 for different V0
and using a dichotomic method, we have determined the values that give a solution
with the same electric flux as the proton. Most of the simulations where done on
200×400 or 300×600 grids. By computing the same solution for various lattice sizes,
we have empirically obtained the following relation for the expression of the energy
of a solution : E = E0 + Kdr
2 where E0 is the exact solution, dr = dz the lattice
spacing and K is a constant which depends on λ0 but takes values between 1 and
0.5. We see thus that the energies we have obtained are accurate to within one or one
half of a percent. This inaccuracy in the value of the energy is comparable to that
of many other similar works on 2 dimensional systems [17, 18], and though it might
look large, it does not affect any of the conclusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physical values of the parameters, namely of the pion decay constant and the
U(1) coupling, does not differ significantly from that of the ungauged Hedgehog. It
is therefore justified, for these values of the parameters, to treat the U(1) field as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14] treat
the U(1) field as a pertubation to the SU(2) sphaleron. We will then be able to
compute the magnetic moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the fields (φa, Aµ) are derived from the Lagrangian (1). The
equation for Aµ will be of the form
λ0 ∂νFµν = jµ . (35)
The method consists of setting the gauge field Aµ to zero in the current jµ in (35) (and
in the equation for φa) and calculating the resulting induced electromagnetic field Aµ.
The gauge field computed this way can then be interpeted as the U(1) field generated
by the (ungauged) Hedgehog Skyrme field. With this perturbative procedure, it is
possible to calculate the induced static magnetic potential Ai (i = 1, 2, 3), but not the
static electric potential A0, which in this scheme vanishes and can only be calculated
non-perturbatively. The reason simply is that restricting to the use of the static
Hedgehog, the zeroth component of the current j0 at Aµ = 0 vanishes, resulting in
turn in vanishing induced potential A0 according to (35).
As a consequence the electric field will be identicaly zero, which implies that we
can derive the equation from the static Hamiltonian rather than from the Lagrangian.
Notice also that we could try to compute perturbatively a solution for the electrically
charges skyrmion by keeping in j0 the terms proportional to A0, instead of setting
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A0 to 0, and impose the condition that the electric field is assymptoticaly like that
of the proton. This pertubation method would not make much sense though as one
would expect the electric field to be quite large close to the skyrmion.
The relevant energy functional is (23), and the resulting equation arising from the
variation of the gauge field Ai is
λ0 ∂jFij = ji (36)
ji = −εαβ
(
1
2
λ1φ
βDiφ
α + λ2
[
(∂j |φγ|2)DiφαDjφβ + 2φβD[iφαDj]φADjφA
])
. (37)
We are concerned here with the case where Ai = 0 (37) and the chiral field φ
a =
(φα, φ3, φ4) in (37) describes the Hedgehog. i.e.
φα = sinF (R) xˆα , φ3 = sinF (R) xˆ3 , φ4 = cosF (R) , (38)
where now xˆa = xa/R, with R =
√
r2 + z2. By virtue of equation (36) the current
(37), given by (38) and Ai = 0, will now induce a (small) U(1) field Ai, with curvature
Fij = ∂iAj − ∂jAi.
The shift in the energy of the Hedgehog due to the induced U(1) field Ai is
∆E =
∫
d3x (λ0FijFij + 4Ai ji) , (39)
in which ji = ji(0) is the current (37) for Ai = 0. (Note that all quantities evaluated at
Ai = 0 are denoted by Roman script, e.g. ji = ji(0), as well as the induced connection
and curvature Ai and Fij.) When equation (36) is satified for the induced U(1) field,
∆E = −λ0
∫
d3x FijFij (40)
= 2
∫
d3xAi ji , (41)
which is, as expected, a strictly negative quantity.
The current ji = (jα, j3) in (39) and (41) is given, for the Hedghog field configura-
tion (38), by
jα =
sin2 F
R
(
λ1
2
+ 2λ2
(
F ′2 +
sin2 F
R2
))
εαβxˆβ (42)
j3 = 0 . (43)
We now note that ∂i ji = 0, which means that equation (36), for Ai = 0, takes the
following form in terms of the induced U(1) connection Ai = (Aα, 0)
λ0∆ Aα = −jα . (44)
The solution is well known and can be expressed, using the obvious notation jα(x) =
j(R) εαβxˆβ in terms of (42), as
Aα(x) = − 1
4πλ0
εαβ
∫ 1
|x− x′| j(R
′) xˆβ dx
′ , (45)
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with [19]
1
|x− x′| =
∞∑
ℓ=0
ℓ∑
m=−ℓ
4π
2ℓ+ 1
Rℓ<
Rℓ+1>
Y¯ (ℓ)m (θ
′, φ′) Y (ℓ)m (θ, φ) .
After performing the angular integrations we have
Aα(x) = −I(R) εαβxˆβ , (46)
with I(ℓ)(R) given by the integral
I(R) =
1
3λ0
(∫ R
0
R′
R2
j(R′)R′2dR′ +
∫ ∞
R
R
R′2
j(R′)R′2dR′
)
. (47)
Finally, in the R≫ 1 region of interest, the induced U(1) potential is
Aα(x) = − Iˆ
R2
εαβ xˆβ , with , Iˆ =
1
3λ0
∫ ∞
0
s3 j(s) ds , (48)
to be evaluated numerically using the numerically constructed hedgehog profile func-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magnetic dipole µ
A(x) =
µ× x
4πR3
,
we find that µ = (0, 0, µ) is
µ = 4πIˆ . (49)
We can evaluate the magnetic moment (49) and the energy correction (41) induced
by the electromagnetic field by evaluating the integral (47) and (48) numerically. If
we take the experimental values Fπ = 186MeV and a = 7.2 we obtain
µ = 0.01393fm = 0.43nm (50)
∆E = −0.1keV. (51)
The experimental value for the magnetic moment of the proton and the neutron are
respectivly µp = 0.0902fm = 2.79nm and µn = 0.0617fm = −1.91nm. If on the
other hand we take the values of the parameters derived in [3], Fπ = 129MeV and
a = 5.45, we have
µ = 0.0468fm = 1.449nm (52)
∆E = −0.32keV. (53)
The magnetic moment of a particle is strictly speaking a quantum property and it
should be computed by quantising the SU(2) gauge degree of freedom as in [3]. Nev-
ertheless, we see that if the take the parameters derived in [3] the classical magnetic
moment is of the correct order of magnitude. The sign is of course undetermined as
the classical magnetic moment is a vector. We can thus conclude that our model offers
a reasonable classical description of Nucleons and affords a method for computing the
electromagnetic field generated by the Skyrmion, classically. It is quite surprising to
see that a quantum property like the magnetic moment can be reasonably predicted
by a purely classical procedure.
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5 Summary and discussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
finite energy static solutions, electrically uncharged and charged respectively. Both
of these solutions are axially symmetric and carry no magnetic charge but support a
magnetic field shaped like a torus centred around the axis of symmetry, albeit resulting
in zero magnetic flux. The uncharged solutions, like the ungauged Skyrmion, have a
topological lower bound. The electrically charged solutions are the analogues of the
Julia-Zee dyons [9] of the Georgi-Glashow model.
Concerning the stability of the electrically neutral solution, which is expected to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
effort to test it. We expect however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branches for all values of the parameters in the
model. This expectation is based on our knowledge of the corresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21], in which case the
equations arising from the imposition of spherical symmetry were one dimensional,
and hence technically much more amenable to the numerical integration. In that
case it was found that in addition to stable branches of solutions, there were also
some unstable branches bifurcating from the former, the important matter being
that there were indeed stable branches of solutions, characterised by the (ranges of
the) parameters of the model. It would be very interesting to carry out the analysis
corresponding to that of [20, 21], for the considerably more complex case of the axially
symmetric equations at hand. This however is technically beyond the scope of the
present work.
The energies of the gauged uncharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge coupling 1/λ
1/2
0 goes to 0, the uncharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the electrically charged Skyrmion is higher than the uncharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physical result of the present work is that when
parameters in the model are fitted to reproduce physical quantities, it turns out that
the effect of the Maxwell term in the Skyrme Lagrangian is very small. This is because
for the physical value of the constant λ0 = 1138, the energy of the gauged uncharged
Skyrmion differs little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion field itself is thus nearly radially symmetric (though the gauge
field is not).
Having found that the influence of the electromagnetic field on the Skyrmion
is small, we were pointed in the direction of treating the magnetic potential as an
induced field perturbatively around the (ungauged) Hedgehog. We have been able
thus, to compute the classical magnetic moment of the (uncharged) Skyrmion of unit
Baryon charge, namely of the Neutron. The result is that the classical magnetic
moment of the Skyrmion matches surprisingly well to the experimental values of the
magnetic moments of the Nucleons.
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Abstrat
We use a presription to gauge the SU(2) Skyrme model with a U(1) eld,
haraterised by a onserved Baryoni urrent. This model reverts to the usual
Skyrme model in the limit of the gauge oupling onstant vanishing. We show
that there exist axially symmetri stati solutions with zero magneti harge,
whih an be eletrially either harged or unharged. The energies of the
(unharged) gauged Skyrmions are less than the energy of the (usual) ungauged
Skyrmion. For physial values of the parameters the impat of the U(1) eld
is very small, so that it an be treated as a perturbation to the (ungauged)
spherially symmetri Hedgehog. This allows the perturbative alulation of
the magneti moment.
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1 Introdution
For a long time now, muh attention has been paid to the Skyrme [1℄ model in 3
dimensions. It is believed to be an eetive theory for nuleons in the large N limit
of QCD at low energies. The lassial properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nulei [2, 3, 4℄.
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5℄
was used to study the deay of nuleons in the viinity of a monopole [5℄, while the
SU(2)
L
gauged model [7℄ was used to study the deay of nuleons when the Skyrme
model is oupled to the weak interations [7℄. The Skyrme model has also been used
to ompute the quantum properties of the Skyrmion [3℄ where the gauge degrees of
freedom are quantised to ompute the low energy eigenstates of a Skyrmion. These
states were identied as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model an be oupled to a self
ontained eletromagneti eld and that this U(1) gauged model has stable lassial
solutions. In addition to these solitons with vanishing magneti and eletri ux, we
show that this system supports solutions with nonvanishing eletri ux whih are
analogous to the dyon solutions of the Georgi-Glashow model, just as the unharged
solitons are the analogues of the monoploles [8℄ of that model. The eletrially harged
lumps have larger energy, or mass, than the unharged soliton, just like the Julia-Zee
dyon [9℄ has larger energy, or is heavier, than the (eletrially unharged) monopole.
We shall refer to these lumps as harged U(1) Skyrmions.
In addition to its intrinsi interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged S
d
model with N < d for the ase d = 3; N = 2 , extending the results of
Ref. [10℄ whih were restrited to the N = d ases. (The work of Ref. [10℄ onsists
of establishing topologial lower bounds for the generi ase, enompassing earlier
examples in two [11℄ and three [12, 13℄ dimensions respetively.) The gauging pre-
sription used here by us oinides preisely with that used in Ref. [5℄ and permits
the establishing of a topologial lower bound whih did not feature in Ref. [5℄ and
whih is arried out here to establish the stability of the soliton. Suh lower bounds
are absent in the other presription of gauging the Skyrme model as in Refs. [7℄.
(Notie that we name the sigma models after the manifold in whih the elds take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime alled the O(d+1) model in the literature will be refered to as the
S
d
model.)
The U(1) gauged SU(2) Skyrme model is desribed by the Lagrangian [5℄
L =
F
2

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Tr

D

UD

U
y

 
1
32a
2
Tr

[(D

U)U
y
; (D

U)U
y
℄

2
 
1
4
F
2

where the U(1) gauge ovariant derivative is
D

U = 

U + ieA

[Q;U ℄ ; (1)
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5 Summary and disussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
nite energy stati solutions, eletrially unharged and harged respetively. Both
of these solutions are axially symmetri and arry no magneti harge but support a
magneti eld shaped like a torus entred around the axis of symmetry, albeit resulting
in zero magneti ux. The unharged solutions, like the ungauged Skyrmion, have a
topologial lower bound. The eletrially harged solutions are the analogues of the
Julia-Zee dyons [9℄ of the Georgi-Glashow model.
Conerning the stability of the eletrially neutral solution, whih is expeted to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
eort to test it. We expet however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branhes for all values of the parameters in the
model. This expetation is based on our knowledge of the orresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21℄, in whih ase the
equations arising from the imposition of spherial symmetry were one dimensional,
and hene tehnially muh more amenable to the numerial integration. In that
ase it was found that in addition to stable branhes of solutions, there were also
some unstable branhes bifurating from the former, the important matter being
that there were indeed stable branhes of solutions, haraterised by the (ranges of
the) parameters of the model. It would be very interesting to arry out the analysis
orresponding to that of [20, 21℄, for the onsiderably more omplex ase of the axially
symmetri equations at hand. This however is tehnially beyond the sope of the
present work.
The energies of the gauged unharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge oupling 1=
1=2
0
goes to 0, the unharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the eletrially harged Skyrmion is higher than the unharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physial result of the present work is that when
parameters in the model are tted to reprodue physial quantities, it turns out that
the eet of the Maxwell term in the Skyrme Lagrangian is very small. This is beause
for the physial value of the onstant 
0
= 1138, the energy of the gauged unharged
Skyrmion diers little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion eld itself is thus nearly radially symmetri (though the gauge
eld is not).
Having found that the inuene of the eletromagneti eld on the Skyrmion
is small, we were pointed in the diretion of treating the magneti potential as an
indued eld perturbatively around the (ungauged) Hedgehog. We have been able
thus, to ompute the lassial magneti moment of the (unharged) Skyrmion of unit
Baryon harge, namely of the Neutron. The result is that the lassial magneti
moment of the Skyrmion mathes surprisingly well to the experimental values of the
magneti moments of the Nuleons.
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where F

= 

A

  

A

and where the harge matrix of the quarks is expressed
as Q =
1
2
(
1
3
1 + 
3
). This diers from the ovariant derivative of Ref. [5℄ only in the
unimportant matter of the sign of i in (1), whih we have hosen for onsisteny of
the onvention used in Ref. [10℄.
In what follows it will be more onvenient [10℄ to parametrise the Skyrme eld as
an S
3
valued eld 
a
= (

; 
A
),  = 1; 2, A = 3; 4 subjet to the onstraint j
a
j
2
= 1.
The two elds U and  are related to eah other via the following expression
U = 
a

a
; U
 1
= U
y
= 
a
~
a
(2)
where 
a
= (i

; i
3
; 1) and ~
a
= ( i

; i
3
; 1), in terms of the Pauli matries
(
1
; 
2
; 
3
).
The gauge ovariant derivative now an be re-expressed as
D



= 



+ A

"



; D


A
= 


A
: (3)
where A

= eA

and F

= eF

.
The Lagrangian for the U(1) gauged Skyrme model an then be written as
L =  
0
F
2

+ 
1
jD


a
j
2
  
2
jD
[

a
D
℄

b
j
2
(4)
where the square brakets on the indies imply (total) antisymmetrisation and where

 1
0
= 4e
2
, 
1
= F
2

=8 and 
 1
2
= 8a
2
. The late Greek indies  label the Minkowskian
oordinates, while the early Greek indies  = 1; 2 and the upper ase Latin indies
A = 3; 4 label the elds 
a
= (

; 
A
).
The stati Hamiltonian pertaining to the Lagrangian (4) is
H = 
0
F
2
ij
+ 
1
jD
i

a
j
2
+ 
2
jD
[i

a
D
j℄

b
j
2
+i2
0
j
i
A
0
j
2
+ A
2
0
f
1
j

j
2
+ 16
2
[j

j
2
j
i

A
j
2
+
1
4
j
i
(j
A
j
2
)j
2
℄g;
(5)
where the indies i = ; 3 label the spae-like oordinates.
To nd the stati solutions of the model, one would usualy solve the Euler La-
grange equations whih minimise the Hamiltonian (5), but beause of the eletri
potential A
0
, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for stati solutions, but, as for the Julia-Zee dyon [9℄, we
have to impose the proper asymptoti behaviour for the eletri potential to obtain
stati solutions whih are eletrially harged (in the lassial sense, i.e. solutions
where the ux of the eletri eld is non zero).
When the full equations of motion are written down, one nds as expeted that
there are stati solutions for whih A
0
= 0, i.e. solutions for whih the eletri eld is
identially zero. For these solutions in the temporal gauge, the equations of motion
redue to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon harge of the U(1) gauged Skyrme model with and whithout
an eletri eld, for various values of the U(1) oupling onstant (or equivalently the
3
Skyrme oupling). For physial values of these parameters in the model, we nd that
the energy (mass) of the gauged Skyrmion does not dier signiantly from that of
the ungauged harged-1 Skyrmion, namely the familiar hedgehog [1℄. This implies
that for these values of the physial parameters, the U(1) gauged Skyrmion an be
regarded as a perturbation of the (ungauged) hedgehog, enabling the omputation
of the magneti moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1℄,
perturbatively using the method employed by Klinkhamer and Manton [14℄ for the
sphaleron of the Weinberg{Salam model.
In Setion 2, we dene the topologial harge and establish the orresponding
lower bound on the energy funtional. In Setion 3 we present the solutions whih
have no eletri elds in the rst subsetion and eletrially harged solutions in
the seond subsetion. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is arried out in Setion 4, and Setion 5 is devoted to a
disussion of our results.
2 The topologial harge and lower bound
The denition of the topologial harge is based on the riterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement an be systematially [10℄
satised by arranging the gauge invariant topologial harge density to be the sum
of the usual, gauge variant winding number density
%
0
= "
ijk
"
abd

i

a

j

b

k



d
; (6)
plus a total divergene whose surfae integral vanishes due to the nite energy ondi-
tions, suh that the ombined density is gauge invariant. In 3 dimensions, this is given
expliitly in Refs. [10, 13℄ for the SO(3) gauged S
3
model, and for the present ase of
interest, namely the SO(2) gauged S
3
model, the harge density an be derived from
that of the SO(3) gauged model by ontration of the gauge group SO(3) down to
SO(2). It an also be arrived at diretly. To state the denition of the harge, we
denote the gauge ovariant ounterpart of (6) by
%
G
= "
ijk
"
abd
D
i

a
D
j

b
D
k



d
; (7)
so that using the notations (6) and (7) we have the denition of the gauge invariant
topologial harge
% = %
0
+ 
i


i
; (8)
= %
G
+
3
2
"
ijk
F
ij
("
AB

B
D
k

A
) : (9)
In (8) the density 

i
is the following gauge variant form


i
= 3"
ijk
"
AB
A
j

k

A

B
: (10)
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with [19℄
1
jx  x
0
j
=
1
X
`=0
`
X
m= `
4
2`+ 1
R
`
<
R
`+1
>

Y
(`)
m
(
0
; 
0
) Y
(`)
m
(; ) :
After performing the angular integrations we have
A

(x) =  I(R) "

^x

; (46)
with I
(`)
(R) given by the integral
I(R) =
1
3
0
 
Z
R
0
R
0
R
2
j(R
0
)R
02
dR
0
+
Z
1
R
R
R
02
j(R
0
)R
02
dR
0
!
: (47)
Finally, in the R 1 region of interest, the indued U(1) potential is
A

(x) =  
^
I
R
2
"

^x

; with ;
^
I =
1
3
0
Z
1
0
s
3
j(s) ds ; (48)
to be evaluated numerially using the numerially onstruted hedgehog prole fun-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magneti dipole 
A(x) =
 x
4R
3
;
we nd that  = (0; 0; ) is
 = 4
^
I : (49)
We an evaluate the magneti moment (49) and the energy orretion (41) indued
by the eletromagneti eld by evaluating the integral (47) and (48) numerially. If
we take the experimental values F

= 186MeV and a = 7:2 we obtain
 = 0:01393fm = 0:43nm (50)
E =  0:1keV: (51)
The experimental value for the magneti moment of the proton and the neutron are
respetivly 
p
= 0:0902fm = 2:79nm and 
n
= 0:0617fm =  1:91nm. If on the
other hand we take the values of the parameters derived in [3℄, F

= 129MeV and
a = 5:45, we have
 = 0:0468fm = 1:449nm (52)
E =  0:32keV: (53)
The magneti moment of a partile is stritly speaking a quantum property and it
should be omputed by quantising the SU(2) gauge degree of freedom as in [3℄. Nev-
ertheless, we see that if the take the parameters derived in [3℄ the lassial magneti
moment is of the orret order of magnitude. The sign is of ourse undetermined as
the lassial magneti moment is a vetor. We an thus onlude that our model oers
a reasonable lassial desription of Nuleons and aords a method for omputing the
eletromagneti eld generated by the Skyrmion, lassially. It is quite surprising to
see that a quantum property like the magneti moment an be reasonably predited
by a purely lassial proedure.
17
A0
to 0, and impose the ondition that the eletri eld is assymptotialy like that
of the proton. This pertubation method would not make muh sense though as one
would expet the eletri eld to be quite large lose to the skyrmion.
The relevant energy funtional is (23), and the resulting equation arising from the
variation of the gauge eld A
i
is

0

j
F
ij
= j
i
(36)
j
i
=  "


1
2

1


D
i


+ 
2
h
(
j
j

j
2
)D
i


D
j


+ 2

D
[i


D
j℄

A
D
j

A
i
: (37)
We are onerned here with the ase where A
i
= 0 (37) and the hiral eld 
a
=
(

; 
3
; 
4
) in (37) desribes the Hedgehog. i.e.


= sinF (R) ^x

; 
3
= sinF (R) ^x
3
; 
4
= osF (R) ; (38)
where now ^x
a
= x
a
=R, with R =
p
r
2
+ z
2
. By virtue of equation (36) the urrent
(37), given by (38) and A
i
= 0, will now indue a (small) U(1) eld A
i
, with urvature
F
ij
= 
i
A
j
  
j
A
i
.
The shift in the energy of the Hedgehog due to the indued U(1) eld A
i
is
E =
Z
d
3
x (
0
F
ij
F
ij
+ 4A
i
j
i
) ; (39)
in whih j
i
= j
i
(0) is the urrent (37) for A
i
= 0. (Note that all quantities evaluated at
A
i
= 0 are denoted by Roman sript, e.g. j
i
= j
i
(0), as well as the indued onnetion
and urvature A
i
and F
ij
.) When equation (36) is satied for the indued U(1) eld,
E =  
0
Z
d
3
x F
ij
F
ij
(40)
= 2
Z
d
3
x A
i
j
i
; (41)
whih is, as expeted, a stritly negative quantity.
The urrent j
i
= (j

; j
3
) in (39) and (41) is given, for the Hedghog eld ongura-
tion (38), by
j

=
sin
2
F
R
 

1
2
+ 2
2
 
F
02
+
sin
2
F
R
2
!!
"

^x

(42)
j
3
= 0 : (43)
We now note that 
i
j
i
= 0, whih means that equation (36), for A
i
= 0, takes the
following form in terms of the indued U(1) onnetion A
i
= (A

; 0)

0
 A

=  j

: (44)
The solution is well known and an be expressed, using the obvious notation j

(x) =
j(R) "

^x

in terms of (42), as
A

(x) =  
1
4
0
"

Z
1
jx  x
0
j
j(R
0
) ^x

dx
0
; (45)
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The ux of 

i
vanishes, as an dedued by antiipating the nite energy onditions
to be stated later.
Note that the 3-volume integral of %
0
in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying %, (9), with the naught omponent j
0
of the Baryon urrent, j

is
dened by
j

= "

"
abd



a



b





d
+ 3 "



(A

"
AB

B



A
) (11)
= "

"
abd
D


a
D


b
D




d
 
3
2
"

F

("
AB

B
D


A
): (12)
The 4-divergene of (11) reeives a ontribution only from its rst term, whih
being loally a total divergene implies that the 3-volume integral of j
0
is a onserved
quantity. Alternatively we onsider the 4-divergene of (12),


j

= 6"

"

"
AB
D



D



D


A
D


B
(13)
whih is analogous to the orresponding quantity in the work of Goldstone and
Wilzek [6℄. This ontrasts with the expression for the total divergene of the topolog-
ial urrent in the work of d'Hoker and Farhi [7℄, where a dierent gauging presription
is used leading to that quantity being equal to the loal anomaly.
We now proeed to nd a model whose HamiltonianH
0
is bounded from below by
the topologial harge density dened by (9). We will then show that the Hamiltonian
(5) is given by H
0
plus ertain positive denite terms.
First of all, we reprodue the density %
G
, (7), in (9) by using the following in-
equality
(
3
D
i

a
  "
ijk
"
abd

2
2
D
j

b
D
k



d
)
2
 0 (14)
where the two onstants 
3
and 
2
have the dimensions of length. Expanding the
square, we get %
G
on the right hand side of

2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
%
G
: (15)
To reprodue the other term in (9),
3
2
"
ijk
F
ij
("
AB

B

k

A
), we use the following
inequality
(
2
0
F
ij
 
1
2

4
"
ijk
"
AB

B
D
k

A
)
2
 0 (16)
yielding

4
0
F
2
ij
+ 
2
4
1
4
("
AB

B
D
i

A
)
2
 
2
0

4
"
ijk
F
ij
("
AB

B
D
k

A
): (17)
With the speial hoie for the relative values of the onstants 3
3

2
2
= 
4

2
0
, the
sum of (13) and (15) yields the following

4
0
F
2
ij
+ 
2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
 2
3

2
2
%: (18)
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The right hand side of (18) is now proportional to the topologial harge density
% dened by (9) so that the inequality (18) an be interpreted as the topologial
inequality giving the lower bound on the energy density funtional if we dene the
latter to be the left hand side of (18), namely
H
0
= 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
: (19)
The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A
0
= 0). It diers from the latter only in its last term.
Now we an use the identity
("
AB

B
D
i

A
)
2
= (D
i

a
)
2
 

1
2
(
[
D
i

℄
)
2
+ (
[
D
i

A℄
)
2

(20)
and add the positive denite term

2
3

4
2
9
4
0

1
2
(
[
D
i

℄
)
2
+(
[
D
i

A℄
)
2

appearing on the
right hand side of (20) to H
0
in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
H = 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
% (21)
whih is nothing but the stati Hamiltonian (5) in the temporal gauge A
0
= 0, and
where

1
= 
2
3
(1 +
9
4
2
4
4
0
); 
0
= 
4
0
; 
2
= 
4
2
: (22)
By virtue of (18), (21) is also bounded from below by 2
3

2
2
%, namely by a number
proportional to the topologial harge density %.
We thus see that H
0
an be onsidered as a minimal (U(1) gauged) model, but
from now on, we will restrit our attention to the physially more relevant model (21)
and integrate it numerially to nd its topologially stable nite energy solitons.
The soliton solutions to the system (21) an only be found by solving the seond-
order Euler-Lagrange equations, and not some rst-order Bogomol'nyi equations sine
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density funtional H. In this ontext we note that saturating (14) and (16)
does indeed saturate the topologial lower bound on the funtional H
0
by virtue of
the inequality (18), and should it have turned out that the Bogomol'nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H
0
would have been a very interesting system to onsider. As it turns out however, these
Bogomol'nyi equations have only trivial solutions in exatly the same way as in the
ase of the (ungauged) Skyrme model [1℄.
The energy for the stati onguration, when the eletri eld vanishes, is ex-
pressed as
E(
0
; 
1
; 
2
) =
Z
d
3
x [
0
F
2
ij
+ 
1
(D
i

a
)
2
+ 
2
(D
[i

a
D
j℄

b
)
2
℄ (23)
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have used. To ompute the stati solutions, we have employed a relaxation method
using nite dierenes on a regular grid (dr = dz). This disretisation method is
similar to the one employed in the numerial omputation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18℄. To ompute the eletrially harged
solutions, we have imposed the boundary ondition b(1;1) = V
0
for dierent V
0
and using a dihotomi method, we have determined the values that give a solution
with the same eletri ux as the proton. Most of the simulations where done on
200400 or 300600 grids. By omputing the same solution for various lattie sizes,
we have empirially obtained the following relation for the expression of the energy
of a solution : E = E
0
+ Kdr
2
where E
0
is the exat solution, dr = dz the lattie
spaing and K is a onstant whih depends on 
0
but takes values between 1 and
0:5. We see thus that the energies we have obtained are aurate to within one or one
half of a perent. This inauray in the value of the energy is omparable to that
of many other similar works on 2 dimensional systems [17, 18℄, and though it might
look large, it does not aet any of the onlusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physial values of the parameters, namely of the pion deay onstant and the
U(1) oupling, does not dier signiantly from that of the ungauged Hedgehog. It
is therefore justied, for these values of the parameters, to treat the U(1) eld as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14℄ treat
the U(1) eld as a pertubation to the SU(2) sphaleron. We will then be able to
ompute the magneti moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the elds (
a
; A

) are derived from the Lagrangian (1). The
equation for A

will be of the form

0


F

= j

: (35)
The method onsists of setting the gauge eld A

to zero in the urrent j

in (35) (and
in the equation for 
a
) and alulating the resulting indued eletromagneti eld A

.
The gauge eld omputed this way an then be interpeted as the U(1) eld generated
by the (ungauged) Hedgehog Skyrme eld. With this perturbative proedure, it is
possible to alulate the indued stati magneti potential A
i
(i = 1; 2; 3), but not the
stati eletri potential A
0
, whih in this sheme vanishes and an only be alulated
non-perturbatively. The reason simply is that restriting to the use of the stati
Hedgehog, the zeroth omponent of the urrent j
0
at A

= 0 vanishes, resulting in
turn in vanishing indued potential A
0
aording to (35).
As a onsequene the eletri eld will be identialy zero, whih implies that we
an derive the equation from the stati Hamiltonian rather than from the Lagrangian.
Notie also that we ould try to ompute perturbatively a solution for the eletrially
harges skyrmion by keeping in j
0
the terms proportional to A
0
, instead of setting
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3.2 A
0
6= 0 : harged U(1) Skyrmion
We an now look for solutions with a non-zero eletri harge by requiring that the
eld b in our ansatz (29) does not vanish. To do this we follow the same proedure
as Julia and Zee [9℄ and require that the eletri eld be asymptotially of the form
A
0
= V
0
+ q=(r
2
+ z
2
)
1=2
where V
0
and q are two onstants. In pratie, one omputes
solutions for dierent values of V
0
and evaluates q by omputing the eletri ux. We
sought only those solutions, for whih the eletri ux equals 4 times the harge of
the eletron.
It is important to realise that in this ase, equations (34) are obtained after min-
imising the ation and thus they do not minimise the Hamiltonian (30).
In our units, the harge of the eletron is 0:303. In Figure 4 we show the energy
as a funtion of 
0
, as well as V
0
as a funtion of 
0
, so that q = 0:303.
One an see that, for a xed value of 
0
, the energy of the harged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when 
0
< 7 but it is always
larger than the energy of the unharged gauged Skyrmion. If the energies of the
eletrially harged and unharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron m
P
and m
N
, then on this purely lassial level
we would have to onlude that (m
P
 m
N
) > 0 whih is not orret. This is expeted
on the basis of its analogy with the dyon [9℄. Clearly, to alulate this mass dierene
orretly one would have to perform the olletive oordinate quantisation as in Ref.
[3℄, whih we do not do here.
The energy of the harged Skyrmion inreases with 
0
. It is unfortunately very
diÆult to arry out the numerial omputations aurately when 
0
is very large.
At this stage, it is worth saying a few words about the numerial methods we
14
and performing the dilation x! x, A

! 
 1
A

, we get
E(
0
; 
1
; 
2
) =
Z
d
3
x [

0

F
2
ij
+ 
1
(D
i

a
)
2
+

2

(D
[i

a
D
j℄

b
)
2
℄: (24)
If we hoose  = (

2

1
)
1=2
then we have
E(
0
; 
1
; 
2
) = (
1

2
)
1=2
E(

0

2
; 1; 1) ; (25)
from whih we see that we an set 
1
= 
2
= 1 without any loss of generality. By
virtue of (21) and (25), we an nally state
E(
0
; 
1
; 
2
)  2(

1

2
1 +
9
2
4
0
)
1=2
Z
d
3
x %: (26)
Notie that for the usual Skyrme model we have
E
sk
(
1
; 
2
) =
R
dx
3
[
1
(
i

a
)
2
+ 
2
(
[i

a

j℄

b
)
2
℄
= (
1

2
)
1=2
E
sk
(1; 1)
 2(
1

2
)
1=2
R
dx
3
%
0
:
(27)
We will use (27) to ompare the numerial solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topologial stability onsiderations disussed
in this Setion apply only to the solutions with no eletri eld, i.e.with A
0
= 0.
3 The soliton and the harged U(1) Skyrmion
To nd the stati solutions, we have to look for the largest symmetry group of the
funtional to be subjeted to the variational priniple, and look for solutions whih
are invariant under that symmetry group. For the solutions in the A
0
= 0 gauge
this is the stati Hamiltonian (21), while for the solutions in the A
0
6= 0 it is the
Lagrangian (4). For our hoie of gauge group the largest symmetry is the SO(2)
group orresponding to an axial rotation in spae-time and a gauge transformation
on the gauge eld. Dening the axial variables r =
q
x
2
1
+ x
2
2
and and z = x
3
in terms
of the oordinates x
i
= (x

; x
3
),  = 1; 2, the most general axially symmetri Ansatz
[15℄ for the elds 
a
= (

; 
A
) (with  = 1; 2 and A = 3; 4), and, A
i
= (A

; A
3
), is


= sin f sin g n

; 
3
= sin f os g ; 
4
= os f ; (28)
A

=
a(r; z)  n
r
"

^x

+

2
(r; z)
r
^x

A
3
=

1
(r; z)
r
; A
0
=
b(r; z)
r
; (29)
with n

= (sinn; osn) in terms of the azimuthal angle  and ^x

= x

=r. n in n

is the vortiity, whih for the Nuleons of interest to us here, equals one, n = 1. The
funtions a; b; 
1
; 
2
; f and g both depend on r and z.
Our Ansatz (29) for the U(1) eld onsists of deomposing the latter in the most
general tensor basis possible. We will nd out below, when we ompute the Euler{
Lagrange equations, that the funtions 
1
and 
2
vanish identially. Antiipating this,
we suppress them heneforth. In its nal form this Ansatz agrees with that used in
Ref. [15℄, the latter being arrived at by speialising the Rebbi{Rossi Ansatz for the
axially symmetri SO(3) eld.
The stati Hamiltonian, i.e.the T
00
omponent of the energy mometum tensor T

,
is then given by
H =
R


0
r
2

a
2
r
+ a
2
z
+ (b
r
 
b
r
)
2
+ b
2
z

+

1
2

f
2
r
+ f
2
z
+ sin
2
f(g
2
r
+ g
2
z
) +
a
2
+b
2
r
2
sin
2
f sin
2
g

+2
2
sin
2
f

(f
r
g
z
  f
z
g
r
)
2
+ sin
2
g[
a
2
+b
2
r
2
(f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
f)℄

rdrdz:
(30)
The boundary onditions for the Skyrmion elds are the same as the boundary
onditions for the hedgehog ansatz when expressed in the ylindrial oordinates
where g = =2 + artan(z=r) and dening R = (z
2
+ r
2
)
1=2
, f  f(R) with f(0) = 
and lim
R!1
f(R) = 0. From this we an dedue that the funtion f has a xed value
at the origin and at innity. For smothness along the z axis, eah eld, that is f , g and
A

must satisfy the ondition that the partial derivative with respet to of the eld at
r = 0 vanishes. The boundary onditions and the asymptoti behaviours for a and b
are hosen so that the gauge elds A

are well dened and A
0
looks asymptotialy like
a oulomb eld (i.e. with an eletri harge but no magneti harge). We also require
that the total energy be nite. These onditions leads to the following onstraints:
f(0; 0) =  f(r !1; z !1) = 0 f
r
(r = 0; z) = 0
g(r = 0; z < 0) = 0 g(r = 0; z > 0) =  g
R
j
R!1
= 0
a(r = 0; z) = 1 a
r
j
1
= 0 a
z
j
1
= 0
a
r
(r = 0; z) = 0 A
0
(r !1; z !1) = V
0
+ q=r A
0
(r = 0; z) = 0
(31)
where R = (z
2
+ r
2
)
1=2
and where we have used the notation
a
r
= a
r
et. Note
that the eld g is undened at the origin and the resulting disontinuity of g at that
point is an artefat of the oordinate system used. The asymptoti behaviour of A
0
at innity will be disussed in a later Setion. To solve the equations numerially, it
is more onveniant to use the eld A
0
rather than b; this is why we have expressed
the boundary ondition in terms of that eld. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
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Figure 3: Magneti Field of the gauged Skyrmion (
0
= 
1
= 
2
= 1).
E(
0
; 1; 1) in Figure 1.a is loated in the region where the energy is virtually equal to
the asymptoti value E(
0
; 1; 1) = 1:232. This means that a  3
2
1:232F

=M
n
 7:2
and that 
0
 1138. We an thus onlude that the eetive impat of the Maxwell
term we have added to the Skyrme model is relatively small.
This justies the proedure used in [5℄ where the Skyrmion was oupled with
an external magneti eld of a magneti monopole. Indeed, as the Maxwell eld
generated by a Skyrmion is very small (for the parameters tting the atual mass of
the nuleons) the external eld is muh larger than the Skyrmion's magneti eld.
It would be interesting to nd the dierenes between the eletromagneti quan-
tities obtained from the ungauged model, as in [3℄, and our U(1) gauged model. We
are not able to ompute the solutions of the U(1) gauged model for the physial value
of the parameter 
0
as this is too large, but as we now know that the inuene of
the gauge eld is very small, we an ompute the latter perturbatively around the
(ungauged) Hedgehog as an indued eld. This enables the evalution of the energy
orretion and the indued magneti moment. This perturbative analysis will be be
arried out in the Setion 4.
It an also be onluded that if the U(1) gauged Skyrme model were quantised as
in [3℄ (by quantising the zero modes orresponding to the global gauge transforma-
tion) but taking into aount the eletromagneti eld generated lassially by the
Skyrmion, the result would not dier very markedly from what was obtained in [3℄.
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Figure 1: a) Energy and topologial bound of the gauged Skyrmion in units of 24
2
.
b) Ratio of the eletromagneti and the total energy as a funtion of 
0
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= 1). b) Energy density level urve for the gauged Skyrmion (
0
= 
1
= 
2
= 1).
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Now the volume integral (with the appropriate normalisation of 12
2
) of %
0
given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in %
0
and the volume integral is omputed
subjet to the boundary onditions given above, the result will equal the integer n
dened in (28). Thus, the Baryon number of the eld onguration (28) equals the
vortex number n. In what follows, we will restrit ourselves to unit Baryon number,
n = 1, i.e.to the Nuleons.
Before we proeed to substitute the Anstaz (28), (29) into the eld equations, we
alulate the Baryon urrent (11) for the eld ongurations (28), (29) desribed by
the solutions we seek. We express the spae-like part of this urrent j
i
in the radial
diretion owing out of the normal to the surfae of the ylinder whih we denote by
j
r
, and in the z diretion whih we denote by j
z
. The result is
j
r
=
6
r
[(
_
fg
z
  _gf
z
)a sin
2
f sin g (32)
+
1
2
( _ga
z
  _ag
z
) sin f os f sin g +
1
2
( _af
z
 
_
fa
z
) os g℄
j
z
=  
6
r
[(
_
fg
r
  _gf
r
)a sin
2
f sin g (33)
+
1
2
( _ga
r
  _ag
r
) sin f os f sin g +
1
2
( _af
r
 
_
fa
r
) os g℄ ;
where we have denoted
f
t
=
_
f et. Note that the Baryon urrent (32), (33) are not
sensitive to the harge of the Nuleon, i.e. that the funtion b(r; z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational priniple applied to the Lagrangian (4), in the stati limit.
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Substituting the ansatz (28) (29) into these equations of motion leads to
a
rr
 
a
r
r
  a
zz
  a sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
b
rr
 
b
r
r
+
b
r
2
+ b
zz
  b sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
f  (g
2
r
+ g
2
z
+
a
2
 b
2
r
2
sin
2
g) sin f os f+
+4

2

1
sin f
h
(g
r
(f
zz
g
r
  f
r
g
zz
+ f
z
g
rz
  f
rz
g
z
  f
z
=rg
z
)
+g
z
(f
rr
g
z
  f
z
g
rr
+ f
r
g
rz
  f
rz
g
r
+ f
r
=rg
z
))sin f + (f
r
g
z
  g
r
f
z
)
2
os f
+sin g=r
2

(a
2
  b
2
)(f
2
r
+ f
2
z
  2(g
2
r
+ g
2
z
) sin
2
f) os f sin g
+((a
2
  b
2
)(f
rr
+ f
zz
  f
r
=r) + 2f
r
(aa
r
  bb
r
) + 2f
z
(aa
z
  bb
z
)) sin f sin g
+2(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) sin f os g
i
= 0:
g +2(f
r
g
r
+ f
z
g
z
) ot f  
a
2
 b
2
r
2
sin g os g+
+4

2

1
h
f
z
(f
z
g
rr
  f
rr
g
z
+ f
rz
g
r
  f
r
g
rz
+ f
z
g
r
=r)
+f
r
(f
r
g
zz
  f
zz
g
r
+ f
rz
g
z
  f
z
g
rz
  f
z
g
z
=r)
+ sin g=r
2

(a
2
  b
2
)((g
2
r
+ g
2
z
) sin
2
f   f
2
r
  f
2
z
) os g
((a
2
  b
2
)(g
rr
+ g
zz
  g
r
=r) + 2g
r
(aa
r
  bb
r
) + 2g
z
(aa
z
  bb
z
)) sin
2
f sin g
+4(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) os f sin f sin g
i
= 0:
(34)
In the ase of the A
0
= 0 gauge, equations (34) oinide with the Euler-Lagrange
equations derived from the positive denite Hamiltonian density (5). Moreover in
that ase, those equations also oinide with the Euler-Lagrange equations of the
redued two dimensional Hamiltonian obtained by subjeting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expeted due to the strit impo-
sition of symmetry. In the A
0
6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) whih is not positive denite. Nonetheless these equations
oinide with those arising from the redued two dimensional Lagrangian obtained
by subjeting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9℄.)
3.1 A
0
= 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for whih b = 0 (i.e. A
0
= 0).
As mentioned before, in that ase, equation (34) an be obtained by minimising the
Hamiltonian (30). Notie also that setting a = 0 is not ompatible with our boundary
onditions (A
i
would not be well dened at the origin). We thus expet our gauged
solution to arry a non-zero magneti eld.
To show this we have to solve equations (34) numerially for the non-vanishing
funtions f(r; z); g(r; z) and a(r; z).
We have restrited our numerial integrations to the ase where the vortex number
n appearing in the axially symmetri Ansatz (28) is equal to 1, i.e.our soliton arries
10
unit Baryon number.
Using (30), we have found numerially that E(1; 1; 1) = 24
2
1:01 whereas for
those values of 
0
; 
1
; 
2
the lower bound for the energy given by (26) is 24
2
0:555.
In Figure 1, we present the total energy for the gauged Skyrmion as a funtion of

0
, together with the lower bound given by (26). Note that the asymptoti value
of E(
0
; 1; 1) is 24
2
1:232 as 
0
! 1. As a omparison, the energy (27) for the
ungauged Skyrmion is E
sk
(1; 1) = 24
2
1:232 with a lower bound set at 24
2
. We see
that E(
0
= 1; 1; 1) = E
sk
(1; 1) whih means that as 
0
! 1, the gauge oupling
1=
1=2
0
goes to zero and the gauged Skyrmion beomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expeted, but that on the other hand, the
amount by whih the energy of the gauged Skyrmion exeeds its topologial lower
bound is larger than the exess of the energy of the ungauged Skyrmion above its
respetive topologial lower bound. For example we an learly see from Figure 1.a
that at 
0
= 20, the energy of the gauged Skyrmion 1:22 (in units of 24
2
) exeeds
the lower bound 0:95 by 0:27. This is larger than 0:232, the exess of the ungauged
Skyrmion energy over its lower bound. For smaller values of 
0
Figure 1.a shows that
the exess of the energy of the gauged Skyrmion over its lower bound is even larger,
hene this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to 
0
in (30), is dereasing as 
0
inreases. Notie that we ould have used for the Maxwell
Energy the sum of all the terms involving the gauge eld funtions a and b in (30),
but this would lead to a gure similar to Figure 1.b.
In Figure 2, we show the prole and the level urve for the energy density of the
Skyrmion in the r; z plane for 
0
= 1. One sees learly that the eet of the gauged
eld is to make the Skyrmion elongated along the z axis. The magneti eld vetors
of the Skyrmion are parallel to the r; z plane. In Figure 3, we show the onguration
of magneti eld using arrows to represent the magneti eld vetor at eah point on
the grid. Notie that there is a vortex around the point r = 2; z = 0. The magneti
eld is thus generated by a urrent owing on a ring entred around the z axis.
In terms of the usual physial onstants[3℄, we have 
 1
0
= 4e
2
, 
1
= F
2

=8 and

 1
2
= 8a
2
where we use a instead of the traditional e for the Skyrme oeÆient to
avoid onfusion with the eletri harge.
In our units,  = h = 1, we have e = (4)
1=2
where  = 1=137 is the ne
struture onstant. Choosing F

= 186MeV , we an nd the value for a by requiring
that the energy of the neutron M
n
= 939MeV mathes the energy of the Skyrmion:
M
n
=
F

8a
E(
2a
2
e
2
; 1; 1):
In Figure 1.a, we an read the value of E(
0
; 1; 1) (given in units of 24
2
MeV ) with

0
= 2a
2
=e
2
. We now have to nd the value of 
0
for whih 24
2
E(
0
; 1; 1) =
2(2
0
)
1=2
eM
n
=F

. The intersetion between the urve
eM
n
6
2
F

(2
0
)
1=2
and the urve
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Abstrat
We use a presription to gauge the SU(2) Skyrme model with a U(1) eld,
haraterised by a onserved Baryoni urrent. This model reverts to the usual
Skyrme model in the limit of the gauge oupling onstant vanishing. We show
that there exist axially symmetri stati solutions with zero magneti harge,
whih an be eletrially either harged or unharged. The energies of the
(unharged) gauged Skyrmions are less than the energy of the (usual) ungauged
Skyrmion. For physial values of the parameters the impat of the U(1) eld
is very small, so that it an be treated as a perturbation to the (ungauged)
spherially symmetri Hedgehog. This allows the perturbative alulation of
the magneti moment.
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1 Introdution
For a long time now, muh attention has been paid to the Skyrme [1℄ model in 3
dimensions. It is believed to be an eetive theory for nuleons in the large N limit
of QCD at low energies. The lassial properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nulei [2, 3, 4℄.
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5℄
was used to study the deay of nuleons in the viinity of a monopole [5℄, while the
SU(2)
L
gauged model [7℄ was used to study the deay of nuleons when the Skyrme
model is oupled to the weak interations [7℄. The Skyrme model has also been used
to ompute the quantum properties of the Skyrmion [3℄ where the gauge degrees of
freedom are quantised to ompute the low energy eigenstates of a Skyrmion. These
states were identied as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model an be oupled to a self
ontained eletromagneti eld and that this U(1) gauged model has stable lassial
solutions. In addition to these solitons with vanishing magneti and eletri ux, we
show that this system supports solutions with nonvanishing eletri ux whih are
analogous to the dyon solutions of the Georgi-Glashow model, just as the unharged
solitons are the analogues of the monoploles [8℄ of that model. The eletrially harged
lumps have larger energy, or mass, than the unharged soliton, just like the Julia-Zee
dyon [9℄ has larger energy, or is heavier, than the (eletrially unharged) monopole.
We shall refer to these lumps as harged U(1) Skyrmions.
In addition to its intrinsi interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged S
d
model with N < d for the ase d = 3; N = 2 , extending the results of
Ref. [10℄ whih were restrited to the N = d ases. (The work of Ref. [10℄ onsists
of establishing topologial lower bounds for the generi ase, enompassing earlier
examples in two [11℄ and three [12, 13℄ dimensions respetively.) The gauging pre-
sription used here by us oinides preisely with that used in Ref. [5℄ and permits
the establishing of a topologial lower bound whih did not feature in Ref. [5℄ and
whih is arried out here to establish the stability of the soliton. Suh lower bounds
are absent in the other presription of gauging the Skyrme model as in Refs. [7℄.
(Notie that we name the sigma models after the manifold in whih the elds take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime alled the O(d+1) model in the literature will be refered to as the
S
d
model.)
The U(1) gauged SU(2) Skyrme model is desribed by the Lagrangian [5℄
L =
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A0
to 0, and impose the ondition that the eletri eld is assymptotialy like that
of the proton. This pertubation method would not make muh sense though as one
would expet the eletri eld to be quite large lose to the skyrmion.
The relevant energy funtional is (23), and the resulting equation arising from the
variation of the gauge eld A
i
is
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We are onerned here with the ase where A
i
= 0 (37) and the hiral eld 
a
=
(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3
; 
4
) in (37) desribes the Hedgehog. i.e.
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a
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a
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p
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2
. By virtue of equation (36) the urrent
(37), given by (38) and A
i
= 0, will now indue a (small) U(1) eld A
i
, with urvature
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The shift in the energy of the Hedgehog due to the indued U(1) eld A
i
is
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in whih j
i
= j
i
(0) is the urrent (37) for A
i
= 0. (Note that all quantities evaluated at
A
i
= 0 are denoted by Roman sript, e.g. j
i
= j
i
(0), as well as the indued 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tion
and urvature A
i
and F
ij
.) When equation (36) is satied for the indued U(1) eld,
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whih is, as expeted, a stritly negative quantity.
The urrent j
i
= (j

; j
3
) in (39) and (41) is given, for the Hedghog eld ongura-
tion (38), by
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We now note that 
i
j
i
= 0, whih means that equation (36), for A
i
= 0, takes the
following form in terms of the indued U(1) onnetion A
i
= (A

; 0)

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The solution is well known and an be expressed, using the obvious notation j

(x) =
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in terms of (42), as
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The ux of 

i
vanishes, as an dedued by antiipating the nite energy onditions
to be stated later.
Note that the 3-volume integral of %
0
in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying %, (9), with the naught omponent j
0
of the Baryon urrent, j

is
dened by
j

= "

"
abd



a



b





d
+ 3 "



(A

"
AB

B



A
) (11)
= "

"
abd
D


a
D


b
D




d
 
3
2
"

F

("
AB

B
D


A
): (12)
The 4-divergene of (11) reeives a ontribution only from its rst term, whih
being loally a total divergene implies that the 3-volume integral of j
0
is a onserved
quantity. Alternatively we onsider the 4-divergene of (12),
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whih is analogous to the orresponding quantity in the work of Goldstone and
Wilzek [6℄. This ontrasts with the expression for the total divergene of the topolog-
ial urrent in the work of d'Hoker and Farhi [7℄, where a dierent gauging presription
is used leading to that quantity being equal to the loal anomaly.
We now proeed to nd a model whose HamiltonianH
0
is bounded from below by
the topologial harge density dened by (9). We will then show that the Hamiltonian
(5) is given by H
0
plus ertain positive denite terms.
First of all, we reprodue the density %
G
, (7), in (9) by using the following in-
equality
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To reprodue the other term in (9),
3
2
"
ijk
F
ij
("
AB

B

k

A
), we use the following
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With the speial hoie for the relative values of the onstants 3
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sum of (13) and (15) yields the following
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The right hand side of (18) is now proportional to the topologial harge density
% dened by (9) so that the inequality (18) an be interpreted as the topologial
inequality giving the lower bound on the energy density funtional if we dene the
latter to be the left hand side of (18), namely
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The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A
0
= 0). It diers from the latter only in its last term.
Now we an use the identity
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and add the positive denite term
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appearing on the
right hand side of (20) to H
0
in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
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whih is nothing but the stati Hamiltonian (5) in the temporal gauge A
0
= 0, and
where
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By virtue of (18), (21) is also bounded from below by 2
3

2
2
%, namely by a number
proportional to the topologial harge density %.
We thus see that H
0
an be onsidered as a minimal (U(1) gauged) model, but
from now on, we will restrit our attention to the physially more relevant model (21)
and integrate it numerially to nd its topologially stable nite energy solitons.
The soliton solutions to the system (21) an only be found by solving the seond-
order Euler-Lagrange equations, and not some rst-order Bogomol'nyi equations sine
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density funtional H. In this ontext we note that saturating (14) and (16)
does indeed saturate the topologial lower bound on the funtional H
0
by virtue of
the inequality (18), and should it have turned out that the Bogomol'nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H
0
would have been a very interesting system to onsider. As it turns out however, these
Bogomol'nyi equations have only trivial solutions in exatly the same way as in the
ase of the (ungauged) Skyrme model [1℄.
The energy for the stati onguration, when the eletri eld vanishes, is ex-
pressed as
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have used. To ompute the stati solutions, we have employed a relaxation method
using nite dierenes on a regular grid (dr = dz). This disretisation method is
similar to the one employed in the numerial omputation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18℄. To ompute the eletrially harged
solutions, we have imposed the boundary ondition b(1;1) = V
0
for dierent V
0
and using a dihotomi method, we have determined the values that give a solution
with the same eletri ux as the proton. Most of the simulations where done on
200400 or 300600 grids. By omputing the same solution for various lattie sizes,
we have empirially obtained the following relation for the expression of the energy
of a solution : E = E
0
+ Kdr
2
where E
0
is the exat solution, dr = dz the lattie
spaing and K is a onstant whih depends on 
0
but takes values between 1 and
0:5. We see thus that the energies we have obtained are aurate to within one or one
half of a perent. This inauray in the value of the energy is omparable to that
of many other similar works on 2 dimensional systems [17, 18℄, and though it might
look large, it does not aet any of the onlusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physial values of the parameters, namely of the pion deay onstant and the
U(1) oupling, does not dier signiantly from that of the ungauged Hedgehog. It
is therefore justied, for these values of the parameters, to treat the U(1) eld as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14℄ treat
the U(1) eld as a pertubation to the SU(2) sphaleron. We will then be able to
ompute the magneti moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the elds (
a
; A

) are derived from the Lagrangian (1). The
equation for A

will be of the form

0


F

= j

: (35)
The method onsists of setting the gauge eld A

to zero in the urrent j

in (35) (and
in the equation for 
a
) and alulating the resulting indued eletromagneti eld A

.
The gauge eld omputed this way an then be interpeted as the U(1) eld generated
by the (ungauged) Hedgehog Skyrme eld. With this perturbative proedure, it is
possible to alulate the indued stati magneti potential A
i
(i = 1; 2; 3), but not the
stati eletri potential A
0
, whih in this sheme vanishes and an only be alulated
non-perturbatively. The reason simply is that restriting to the use of the stati
Hedgehog, the zeroth omponent of the urrent j
0
at A

= 0 vanishes, resulting in
turn in vanishing indued potential A
0
aording to (35).
As a onsequene the eletri eld will be identialy zero, whih implies that we
an derive the equation from the stati Hamiltonian rather than from the Lagrangian.
Notie also that we ould try to ompute perturbatively a solution for the eletrially
harges skyrmion by keeping in j
0
the terms proportional to A
0
, instead of setting
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Figure 1: a) Energy and topologial bound of the gauged Skyrmion in units of 24
2
.
b) Ratio of the eletromagneti and the total energy as a funtion of 
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urve for the gauged Skyrmion (
0
= 
1
= 
2
= 1).
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Now the volume integral (with the appropriate normalisation of 12
2
) of %
0
given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in %
0
and the volume integral is omputed
subjet to the boundary onditions given above, the result will equal the integer n
dened in (28). Thus, the Baryon number of the eld onguration (28) equals the
vortex number n. In what follows, we will restrit ourselves to unit Baryon number,
n = 1, i.e.to the Nuleons.
Before we proeed to substitute the Anstaz (28), (29) into the eld equations, we
alulate the Baryon urrent (11) for the eld ongurations (28), (29) desribed by
the solutions we seek. We express the spae-like part of this urrent j
i
in the radial
diretion owing out of the normal to the surfae of the ylinder whih we denote by
j
r
, and in the z diretion whih we denote by j
z
. The result is
j
r
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where we have denoted
f
t
=
_
f et. Note that the Baryon urrent (32), (33) are not
sensitive to the harge of the Nuleon, i.e. that the funtion b(r; z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational priniple applied to the Lagrangian (4), in the stati limit.
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Substituting the ansatz (28) (29) into these equations of motion leads to
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g
zz
+ f
z
g
rz
  f
rz
g
z
  f
z
=rg
z
)
+g
z
(f
rr
g
z
  f
z
g
rr
+ f
r
g
rz
  f
rz
g
r
+ f
r
=rg
z
))sin f + (f
r
g
z
  g
r
f
z
)
2
os f
+sin g=r
2

(a
2
  b
2
)(f
2
r
+ f
2
z
  2(g
2
r
+ g
2
z
) sin
2
f) os f sin g
+((a
2
  b
2
)(f
rr
+ f
zz
  f
r
=r) + 2f
r
(aa
r
  bb
r
) + 2f
z
(aa
z
  bb
z
)) sin f sin g
+2(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) sin f os g
i
= 0:
g +2(f
r
g
r
+ f
z
g
z
) ot f  
a
2
 b
2
r
2
sin g os g+
+4

2

1
h
f
z
(f
z
g
rr
  f
rr
g
z
+ f
rz
g
r
  f
r
g
rz
+ f
z
g
r
=r)
+f
r
(f
r
g
zz
  f
zz
g
r
+ f
rz
g
z
  f
z
g
rz
  f
z
g
z
=r)
+ sin g=r
2

(a
2
  b
2
)((g
2
r
+ g
2
z
) sin
2
f   f
2
r
  f
2
z
) os g
((a
2
  b
2
)(g
rr
+ g
zz
  g
r
=r) + 2g
r
(aa
r
  bb
r
) + 2g
z
(aa
z
  bb
z
)) sin
2
f sin g
+4(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) os f sin f sin g
i
= 0:
(34)
In the ase of the A
0
= 0 gauge, equations (34) oinide with the Euler-Lagrange
equations derived from the positive denite Hamiltonian density (5). Moreover in
that ase, those equations also oinide with the Euler-Lagrange equations of the
redued two dimensional Hamiltonian obtained by subjeting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expeted due to the strit impo-
sition of symmetry. In the A
0
6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) whih is not positive denite. Nonetheless these equations
oinide with those arising from the redued two dimensional Lagrangian obtained
by subjeting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9℄.)
3.1 A
0
= 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for whih b = 0 (i.e. A
0
= 0).
As mentioned before, in that ase, equation (34) an be obtained by minimising the
Hamiltonian (30). Notie also that setting a = 0 is not ompatible with our boundary
onditions (A
i
would not be well dened at the origin). We thus expet our gauged
solution to arry a non-zero magneti eld.
To show this we have to solve equations (34) numerially for the non-vanishing
funtions f(r; z); g(r; z) and a(r; z).
We have restrited our numerial integrations to the ase where the vortex number
n appearing in the axially symmetri Ansatz (28) is equal to 1, i.e.our soliton arries
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unit Baryon number.
Using (30), we have found numerially that E(1; 1; 1) = 24
2
1:01 whereas for
those values of 
0
; 
1
; 
2
the lower bound for the energy given by (26) is 24
2
0:555.
In Figure 1, we present the total energy for the gauged Skyrmion as a funtion of

0
, together with the lower bound given by (26). Note that the asymptoti value
of E(
0
; 1; 1) is 24
2
1:232 as 
0
! 1. As a omparison, the energy (27) for the
ungauged Skyrmion is E
sk
(1; 1) = 24
2
1:232 with a lower bound set at 24
2
. We see
that E(
0
= 1; 1; 1) = E
sk
(1; 1) whih means that as 
0
! 1, the gauge oupling
1=
1=2
0
goes to zero and the gauged Skyrmion beomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expeted, but that on the other hand, the
amount by whih the energy of the gauged Skyrmion exeeds its topologial lower
bound is larger than the exess of the energy of the ungauged Skyrmion above its
respetive topologial lower bound. For example we an learly see from Figure 1.a
that at 
0
= 20, the energy of the gauged Skyrmion 1:22 (in units of 24
2
) exeeds
the lower bound 0:95 by 0:27. This is larger than 0:232, the exess of the ungauged
Skyrmion energy over its lower bound. For smaller values of 
0
Figure 1.a shows that
the exess of the energy of the gauged Skyrmion over its lower bound is even larger,
hene this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to 
0
in (30), is dereasing as 
0
inreases. Notie that we ould have used for the Maxwell
Energy the sum of all the terms involving the gauge eld funtions a and b in (30),
but this would lead to a gure similar to Figure 1.b.
In Figure 2, we show the prole and the level urve for the energy density of the
Skyrmion in the r; z plane for 
0
= 1. One sees learly that the eet of the gauged
eld is to make the Skyrmion elongated along the z axis. The magneti eld vetors
of the Skyrmion are parallel to the r; z plane. In Figure 3, we show the onguration
of magneti eld using arrows to represent the magneti eld vetor at eah point on
the grid. Notie that there is a vortex around the point r = 2; z = 0. The magneti
eld is thus generated by a urrent owing on a ring entred around the z axis.
In terms of the usual physial onstants[3℄, we have 
 1
0
= 4e
2
, 
1
= F
2

=8 and

 1
2
= 8a
2
where we use a instead of the traditional e for the Skyrme oeÆient to
avoid onfusion with the eletri harge.
In our units,  = h = 1, we have e = (4)
1=2
where  = 1=137 is the ne
struture onstant. Choosing F

= 186MeV , we an nd the value for a by requiring
that the energy of the neutron M
n
= 939MeV mathes the energy of the Skyrmion:
M
n
=
F

8a
E(
2a
2
e
2
; 1; 1):
In Figure 1.a, we an read the value of E(
0
; 1; 1) (given in units of 24
2
MeV ) with

0
= 2a
2
=e
2
. We now have to nd the value of 
0
for whih 24
2
E(
0
; 1; 1) =
2(2
0
)
1=2
eM
n
=F

. The intersetion between the urve
eM
n
6
2
F

(2
0
)
1=2
and the urve
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with n

= (sinn; osn) in terms of the azimuthal angle  and ^x

= x

=r. n in n

is the vortiity, whih for the Nuleons of interest to us here, equals one, n = 1. The
funtions a; b; 
1
; 
2
; f and g both depend on r and z.
Our Ansatz (29) for the U(1) eld onsists of deomposing the latter in the most
general tensor basis possible. We will nd out below, when we ompute the Euler{
Lagrange equations, that the funtions 
1
and 
2
vanish identially. Antiipating this,
we suppress them heneforth. In its nal form this Ansatz agrees with that used in
Ref. [15℄, the latter being arrived at by speialising the Rebbi{Rossi Ansatz for the
axially symmetri SO(3) eld.
The stati Hamiltonian, i.e.the T
00
omponent of the energy mometum tensor T

,
is then given by
H =
R


0
r
2

a
2
r
+ a
2
z
+ (b
r
 
b
r
)
2
+ b
2
z

+

1
2

f
2
r
+ f
2
z
+ sin
2
f(g
2
r
+ g
2
z
) +
a
2
+b
2
r
2
sin
2
f sin
2
g

+2
2
sin
2
f

(f
r
g
z
  f
z
g
r
)
2
+ sin
2
g[
a
2
+b
2
r
2
(f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
f)℄

rdrdz:
(30)
The boundary onditions for the Skyrmion elds are the same as the boundary
onditions for the hedgehog ansatz when expressed in the ylindrial oordinates
where g = =2 + artan(z=r) and dening R = (z
2
+ r
2
)
1=2
, f  f(R) with f(0) = 
and lim
R!1
f(R) = 0. From this we an dedue that the funtion f has a xed value
at the origin and at innity. For smothness along the z axis, eah eld, that is f , g and
A

must satisfy the ondition that the partial derivative with respet to of the eld at
r = 0 vanishes. The boundary onditions and the asymptoti behaviours for a and b
are hosen so that the gauge elds A

are well dened and A
0
looks asymptotialy like
a oulomb eld (i.e. with an eletri harge but no magneti harge). We also require
that the total energy be nite. These onditions leads to the following onstraints:
f(0; 0) =  f(r !1; z !1) = 0 f
r
(r = 0; z) = 0
g(r = 0; z < 0) = 0 g(r = 0; z > 0) =  g
R
j
R!1
= 0
a(r = 0; z) = 1 a
r
j
1
= 0 a
z
j
1
= 0
a
r
(r = 0; z) = 0 A
0
(r !1; z !1) = V
0
+ q=r A
0
(r = 0; z) = 0
(31)
where R = (z
2
+ r
2
)
1=2
and where we have used the notation
a
r
= a
r
et. Note
that the eld g is undened at the origin and the resulting disontinuity of g at that
point is an artefat of the oordinate system used. The asymptoti behaviour of A
0
at innity will be disussed in a later Setion. To solve the equations numerially, it
is more onveniant to use the eld A
0
rather than b; this is why we have expressed
the boundary ondition in terms of that eld. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
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Figure 3: Magneti Field of the gauged Skyrmion (
0
= 
1
= 
2
= 1).
E(
0
; 1; 1) in Figure 1.a is loated in the region where the energy is virtually equal to
the asymptoti value E(
0
; 1; 1) = 1:232. This means that a  3
2
1:232F

=M
n
 7:2
and that 
0
 1138. We an thus onlude that the eetive impat of the Maxwell
term we have added to the Skyrme model is relatively small.
This justies the proedure used in [5℄ where the Skyrmion was oupled with
an external magneti eld of a magneti monopole. Indeed, as the Maxwell eld
generated by a Skyrmion is very small (for the parameters tting the atual mass of
the nuleons) the external eld is muh larger than the Skyrmion's magneti eld.
It would be interesting to nd the dierenes between the eletromagneti quan-
tities obtained from the ungauged model, as in [3℄, and our U(1) gauged model. We
are not able to ompute the solutions of the U(1) gauged model for the physial value
of the parameter 
0
as this is too large, but as we now know that the inuene of
the gauge eld is very small, we an ompute the latter perturbatively around the
(ungauged) Hedgehog as an indued eld. This enables the evalution of the energy
orretion and the indued magneti moment. This perturbative analysis will be be
arried out in the Setion 4.
It an also be onluded that if the U(1) gauged Skyrme model were quantised as
in [3℄ (by quantising the zero modes orresponding to the global gauge transforma-
tion) but taking into aount the eletromagneti eld generated lassially by the
Skyrmion, the result would not dier very markedly from what was obtained in [3℄.
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Figure 4: a) Energy of the harged Skyrmion b) V
0
as a funtion of 
0
3.2 A
0
6= 0 : harged U(1) Skyrmion
We an now look for solutions with a non-zero eletri harge by requiring that the
eld b in our ansatz (29) does not vanish. To do this we follow the same proedure
as Julia and Zee [9℄ and require that the eletri eld be asymptotially of the form
A
0
= V
0
+ q=(r
2
+ z
2
)
1=2
where V
0
and q are two onstants. In pratie, one omputes
solutions for dierent values of V
0
and evaluates q by omputing the eletri ux. We
sought only those solutions, for whih the eletri ux equals 4 times the harge of
the eletron.
It is important to realise that in this ase, equations (34) are obtained after min-
imising the ation and thus they do not minimise the Hamiltonian (30).
In our units, the harge of the eletron is 0:303. In Figure 4 we show the energy
as a funtion of 
0
, as well as V
0
as a funtion of 
0
, so that q = 0:303.
One an see that, for a xed value of 
0
, the energy of the harged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when 
0
< 7 but it is always
larger than the energy of the unharged gauged Skyrmion. If the energies of the
eletrially harged and unharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron m
P
and m
N
, then on this purely lassial level
we would have to onlude that (m
P
 m
N
) > 0 whih is not orret. This is expeted
on the basis of its analogy with the dyon [9℄. Clearly, to alulate this mass dierene
orretly one would have to perform the olletive oordinate quantisation as in Ref.
[3℄, whih we do not do here.
The energy of the harged Skyrmion inreases with 
0
. It is unfortunately very
diÆult to arry out the numerial omputations aurately when 
0
is very large.
At this stage, it is worth saying a few words about the numerial methods we
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and performing the dilation x! x, A

! 
 1
A

, we get
E(
0
; 
1
; 
2
) =
Z
d
3
x [

0

F
2
ij
+ 
1
(D
i

a
)
2
+

2

(D
[i

a
D
j℄

b
)
2
℄: (24)
If we hoose  = (

2

1
)
1=2
then we have
E(
0
; 
1
; 
2
) = (
1

2
)
1=2
E(

0

2
; 1; 1) ; (25)
from whih we see that we an set 
1
= 
2
= 1 without any loss of generality. By
virtue of (21) and (25), we an nally state
E(
0
; 
1
; 
2
)  2(

1

2
1 +
9
2
4
0
)
1=2
Z
d
3
x %: (26)
Notie that for the usual Skyrme model we have
E
sk
(
1
; 
2
) =
R
dx
3
[
1
(
i

a
)
2
+ 
2
(
[i

a

j℄

b
)
2
℄
= (
1

2
)
1=2
E
sk
(1; 1)
 2(
1

2
)
1=2
R
dx
3
%
0
:
(27)
We will use (27) to ompare the numerial solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topologial stability onsiderations disussed
in this Setion apply only to the solutions with no eletri eld, i.e.with A
0
= 0.
3 The soliton and the harged U(1) Skyrmion
To nd the stati solutions, we have to look for the largest symmetry group of the
funtional to be subjeted to the variational priniple, and look for solutions whih
are invariant under that symmetry group. For the solutions in the A
0
= 0 gauge
this is the stati Hamiltonian (21), while for the solutions in the A
0
6= 0 it is the
Lagrangian (4). For our hoie of gauge group the largest symmetry is the SO(2)
group orresponding to an axial rotation in spae-time and a gauge transformation
on the gauge eld. Dening the axial variables r =
q
x
2
1
+ x
2
2
and and z = x
3
in terms
of the oordinates x
i
= (x

; x
3
),  = 1; 2, the most general axially symmetri Ansatz
[15℄ for the elds 
a
= (

; 
A
) (with  = 1; 2 and A = 3; 4), and, A
i
= (A

; A
3
), is


= sin f sin g n

; 
3
= sin f os g ; 
4
= os f ; (28)
A

=
a(r; z)  n
r
"

^x

+

2
(r; z)
r
^x

A
3
=

1
(r; z)
r
; A
0
=
b(r; z)
r
; (29)
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Skyrme oupling). For physial values of these parameters in the model, we nd that
the energy (mass) of the gauged Skyrmion does not dier signiantly from that of
the ungauged harged-1 Skyrmion, namely the familiar hedgehog [1℄. This implies
that for these values of the physial parameters, the U(1) gauged Skyrmion an be
regarded as a perturbation of the (ungauged) hedgehog, enabling the omputation
of the magneti moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1℄,
perturbatively using the method employed by Klinkhamer and Manton [14℄ for the
sphaleron of the Weinberg{Salam model.
In Setion 2, we dene the topologial harge and establish the orresponding
lower bound on the energy funtional. In Setion 3 we present the solutions whih
have no eletri elds in the rst subsetion and eletrially harged solutions in
the seond subsetion. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is arried out in Setion 4, and Setion 5 is devoted to a
disussion of our results.
2 The topologial harge and lower bound
The denition of the topologial harge is based on the riterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement an be systematially [10℄
satised by arranging the gauge invariant topologial harge density to be the sum
of the usual, gauge variant winding number density
%
0
= "
ijk
"
abd

i

a

j

b

k



d
; (6)
plus a total divergene whose surfae integral vanishes due to the nite energy ondi-
tions, suh that the ombined density is gauge invariant. In 3 dimensions, this is given
expliitly in Refs. [10, 13℄ for the SO(3) gauged S
3
model, and for the present ase of
interest, namely the SO(2) gauged S
3
model, the harge density an be derived from
that of the SO(3) gauged model by ontration of the gauge group SO(3) down to
SO(2). It an also be arrived at diretly. To state the denition of the harge, we
denote the gauge ovariant ounterpart of (6) by
%
G
= "
ijk
"
abd
D
i

a
D
j

b
D
k



d
; (7)
so that using the notations (6) and (7) we have the denition of the gauge invariant
topologial harge
% = %
0
+ 
i


i
; (8)
= %
G
+
3
2
"
ijk
F
ij
("
AB

B
D
k

A
) : (9)
In (8) the density 

i
is the following gauge variant form


i
= 3"
ijk
"
AB
A
j

k

A

B
: (10)
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with [19℄
1
jx  x
0
j
=
1
X
`=0
`
X
m= `
4
2`+ 1
R
`
<
R
`+1
>

Y
(`)
m
(
0
; 
0
) Y
(`)
m
(; ) :
After performing the angular integrations we have
A

(x) =  I(R) "

^x

; (46)
with I
(`)
(R) given by the integral
I(R) =
1
3
0
 
Z
R
0
R
0
R
2
j(R
0
)R
02
dR
0
+
Z
1
R
R
R
02
j(R
0
)R
02
dR
0
!
: (47)
Finally, in the R 1 region of interest, the indued U(1) potential is
A

(x) =  
^
I
R
2
"

^x

; with ;
^
I =
1
3
0
Z
1
0
s
3
j(s) ds ; (48)
to be evaluated numerially using the numerially onstruted hedgehog prole fun-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magneti dipole 
A(x) =
 x
4R
3
;
we nd that  = (0; 0; ) is
 = 4
^
I : (49)
We an evaluate the magneti moment (49) and the energy orretion (41) indued
by the eletromagneti eld by evaluating the integral (47) and (48) numerially. If
we take the experimental values F

= 186MeV and a = 7:2 we obtain
 = 0:01393fm = 0:43nm (50)
E =  0:1keV: (51)
The experimental value for the magneti moment of the proton and the neutron are
respetivly 
p
= 0:0902fm = 2:79nm and 
n
= 0:0617fm =  1:91nm. If on the
other hand we take the values of the parameters derived in [3℄, F

= 129MeV and
a = 5:45, we have
 = 0:0468fm = 1:449nm (52)
E =  0:32keV: (53)
The magneti moment of a partile is stritly speaking a quantum property and it
should be omputed by quantising the SU(2) gauge degree of freedom as in [3℄. Nev-
ertheless, we see that if the take the parameters derived in [3℄ the lassial magneti
moment is of the orret order of magnitude. The sign is of ourse undetermined as
the lassial magneti moment is a vetor. We an thus onlude that our model oers
a reasonable lassial desription of Nuleons and aords a method for omputing the
eletromagneti eld generated by the Skyrmion, lassially. It is quite surprising to
see that a quantum property like the magneti moment an be reasonably predited
by a purely lassial proedure.
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5 Summary and disussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
nite energy stati solutions, eletrially unharged and harged respetively. Both
of these solutions are axially symmetri and arry no magneti harge but support a
magneti eld shaped like a torus entred around the axis of symmetry, albeit resulting
in zero magneti ux. The unharged solutions, like the ungauged Skyrmion, have a
topologial lower bound. The eletrially harged solutions are the analogues of the
Julia-Zee dyons [9℄ of the Georgi-Glashow model.
Conerning the stability of the eletrially neutral solution, whih is expeted to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
eort to test it. We expet however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branhes for all values of the parameters in the
model. This expetation is based on our knowledge of the orresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21℄, in whih ase the
equations arising from the imposition of spherial symmetry were one dimensional,
and hene tehnially muh more amenable to the numerial integration. In that
ase it was found that in addition to stable branhes of solutions, there were also
some unstable branhes bifurating from the former, the important matter being
that there were indeed stable branhes of solutions, haraterised by the (ranges of
the) parameters of the model. It would be very interesting to arry out the analysis
orresponding to that of [20, 21℄, for the onsiderably more omplex ase of the axially
symmetri equations at hand. This however is tehnially beyond the sope of the
present work.
The energies of the gauged unharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge oupling 1=
1=2
0
goes to 0, the unharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the eletrially harged Skyrmion is higher than the unharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physial result of the present work is that when
parameters in the model are tted to reprodue physial quantities, it turns out that
the eet of the Maxwell term in the Skyrme Lagrangian is very small. This is beause
for the physial value of the onstant 
0
= 1138, the energy of the gauged unharged
Skyrmion diers little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion eld itself is thus nearly radially symmetri (though the gauge
eld is not).
Having found that the inuene of the eletromagneti eld on the Skyrmion
is small, we were pointed in the diretion of treating the magneti potential as an
indued eld perturbatively around the (ungauged) Hedgehog. We have been able
thus, to ompute the lassial magneti moment of the (unharged) Skyrmion of unit
Baryon harge, namely of the Neutron. The result is that the lassial magneti
moment of the Skyrmion mathes surprisingly well to the experimental values of the
magneti moments of the Nuleons.
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where F

= 

A

  

A

and where the harge matrix of the quarks is expressed
as Q =
1
2
(
1
3
1 + 
3
). This diers from the ovariant derivative of Ref. [5℄ only in the
unimportant matter of the sign of i in (1), whih we have hosen for onsisteny of
the onvention used in Ref. [10℄.
In what follows it will be more onvenient [10℄ to parametrise the Skyrme eld as
an S
3
valued eld 
a
= (

; 
A
),  = 1; 2, A = 3; 4 subjet to the onstraint j
a
j
2
= 1.
The two elds U and  are related to eah other via the following expression
U = 
a

a
; U
 1
= U
y
= 
a
~
a
(2)
where 
a
= (i

; i
3
; 1) and ~
a
= ( i

; i
3
; 1), in terms of the Pauli matries
(
1
; 
2
; 
3
).
The gauge ovariant derivative now an be re-expressed as
D



= 



+ A

"



; D


A
= 


A
: (3)
where A

= eA

and F

= eF

.
The Lagrangian for the U(1) gauged Skyrme model an then be written as
L =  
0
F
2

+ 
1
jD


a
j
2
  
2
jD
[

a
D
℄

b
j
2
(4)
where the square brakets on the indies imply (total) antisymmetrisation and where

 1
0
= 4e
2
, 
1
= F
2

=8 and 
 1
2
= 8a
2
. The late Greek indies  label the Minkowskian
oordinates, while the early Greek indies  = 1; 2 and the upper ase Latin indies
A = 3; 4 label the elds 
a
= (

; 
A
).
The stati Hamiltonian pertaining to the Lagrangian (4) is
H = 
0
F
2
ij
+ 
1
jD
i

a
j
2
+ 
2
jD
[i

a
D
j℄

b
j
2
+i2
0
j
i
A
0
j
2
+ A
2
0
f
1
j

j
2
+ 16
2
[j

j
2
j
i

A
j
2
+
1
4
j
i
(j
A
j
2
)j
2
℄g;
(5)
where the indies i = ; 3 label the spae-like oordinates.
To nd the stati solutions of the model, one would usualy solve the Euler La-
grange equations whih minimise the Hamiltonian (5), but beause of the eletri
potential A
0
, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for stati solutions, but, as for the Julia-Zee dyon [9℄, we
have to impose the proper asymptoti behaviour for the eletri potential to obtain
stati solutions whih are eletrially harged (in the lassial sense, i.e. solutions
where the ux of the eletri eld is non zero).
When the full equations of motion are written down, one nds as expeted that
there are stati solutions for whih A
0
= 0, i.e. solutions for whih the eletri eld is
identially zero. For these solutions in the temporal gauge, the equations of motion
redue to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon harge of the U(1) gauged Skyrme model with and whithout
an eletri eld, for various values of the U(1) oupling onstant (or equivalently the
3
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1 Introdution
For a long time now, muh attention has been paid to the Skyrme [1℄ model in 3
dimensions. It is believed to be an eetive theory for nuleons in the large N limit
of QCD at low energies. The lassial properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nulei [2, 3, 4℄.
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5℄
was used to study the deay of nuleons in the viinity of a monopole [5℄, while the
SU(2)
L
gauged model [7℄ was used to study the deay of nuleons when the Skyrme
model is oupled to the weak interations [7℄. The Skyrme model has also been used
to ompute the quantum properties of the Skyrmion [3℄ where the gauge degrees of
freedom are quantised to ompute the low energy eigenstates of a Skyrmion. These
states were identied as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model an be oupled to a self
ontained eletromagneti eld and that this U(1) gauged model has stable lassial
solutions. In addition to these solitons with vanishing magneti and eletri ux, we
show that this system supports solutions with nonvanishing eletri ux whih are
analogous to the dyon solutions of the Georgi-Glashow model, just as the unharged
solitons are the analogues of the monoploles [8℄ of that model. The eletrially harged
lumps have larger energy, or mass, than the unharged soliton, just like the Julia-Zee
dyon [9℄ has larger energy, or is heavier, than the (eletrially unharged) monopole.
We shall refer to these lumps as harged U(1) Skyrmions.
In addition to its intrinsi interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged S
d
model with N < d for the ase d = 3; N = 2 , extending the results of
Ref. [10℄ whih were restrited to the N = d ases. (The work of Ref. [10℄ onsists
of establishing topologial lower bounds for the generi ase, enompassing earlier
examples in two [11℄ and three [12, 13℄ dimensions respetively.) The gauging pre-
sription used here by us oinides preisely with that used in Ref. [5℄ and permits
the establishing of a topologial lower bound whih did not feature in Ref. [5℄ and
whih is arried out here to establish the stability of the soliton. Suh lower bounds
are absent in the other presription of gauging the Skyrme model as in Refs. [7℄.
(Notie that we name the sigma models after the manifold in whih the elds take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime alled the O(d+1) model in the literature will be refered to as the
S
d
model.)
The U(1) gauged SU(2) Skyrme model is desribed by the Lagrangian [5℄
L =
F
2

16
Tr

D

UD

U
y

 
1
32a
2
Tr

[(D

U)U
y
; (D

U)U
y
℄

2
 
1
4
F
2

where the U(1) gauge ovariant derivative is
D

U = 

U + ieA

[Q;U ℄ ; (1)
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where F

= 

A

  

A

and where the harge matrix of the quarks is expressed
as Q =
1
2
(
1
3
1 + 
3
). This diers from the ovariant derivative of Ref. [5℄ only in the
unimportant matter of the sign of i in (1), whih we have hosen for onsisteny of
the onvention used in Ref. [10℄.
In what follows it will be more onvenient [10℄ to parametrise the Skyrme eld as
an S
3
valued eld 
a
= (

; 
A
),  = 1; 2, A = 3; 4 subjet to the onstraint j
a
j
2
= 1.
The two elds U and  are related to eah other via the following expression
U = 
a

a
; U
 1
= U
y
= 
a
~
a
(2)
where 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= (i

; i
3
; 1) and ~
a
= ( i

; i
3
; 1), in terms of the Pauli matri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(
1
; 
2
; 
3
).
The gauge ovariant derivative now an be re-expressed as
D



= 



+ A

"



; D


A
= 


A
: (3)
where A

= eA

and F

= eF

.
The Lagrangian for the U(1) gauged Skyrme model an then be written as
L =  
0
F
2

+ 
1
jD


a
j
2
  
2
jD
[

a
D
℄

b
j
2
(4)
where the square brakets on the indies imply (total) antisymmetrisation and where

 1
0
= 4e
2
, 
1
= F
2

=8 and 
 1
2
= 8a
2
. The late Greek indies  label the Minkowskian
oordinates, while the early Greek indies  = 1; 2 and the upper ase Latin indies
A = 3; 4 label the elds 
a
= (

; 
A
).
The stati Hamiltonian pertaining to the Lagrangian (4) is
H = 
0
F
2
ij
+ 
1
jD
i

a
j
2
+ 
2
jD
[i

a
D
j℄

b
j
2
+i2
0
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0
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(5)
where the indies i = ; 3 label the spae-like oordinates.
To nd the stati solutions of the model, one would usualy solve the Euler La-
grange equations whih minimise the Hamiltonian (5), but beause of the eletri
potential A
0
, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for stati solutions, but, as for the Julia-Zee dyon [9℄, we
have to impose the proper asymptoti behaviour for the eletri potential to obtain
stati solutions whih are eletrially harged (in the lassial sense, i.e. solutions
where the ux of the eletri eld is non zero).
When the full equations of motion are written down, one nds as expeted that
there are stati solutions for whih A
0
= 0, i.e. solutions for whih the eletri eld is
identially zero. For these solutions in the temporal gauge, the equations of motion
redue to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon harge of the U(1) gauged Skyrme model with and whithout
an eletri eld, for various values of the U(1) oupling onstant (or equivalently the
3
Skyrme oupling). For physial values of these parameters in the model, we nd that
the energy (mass) of the gauged Skyrmion does not dier signiantly from that of
the ungauged harged-1 Skyrmion, namely the familiar hedgehog [1℄. This implies
that for these values of the physial parameters, the U(1) gauged Skyrmion an be
regarded as a perturbation of the (ungauged) hedgehog, enabling the omputation
of the magneti moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1℄,
perturbatively using the method employed by Klinkhamer and Manton [14℄ for the
sphaleron of the Weinberg{Salam model.
In Setion 2, we dene the topologial harge and establish the orresponding
lower bound on the energy funtional. In Setion 3 we present the solutions whih
have no eletri elds in the rst subsetion and eletrially harged solutions in
the seond subsetion. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is arried out in Setion 4, and Setion 5 is devoted to a
disussion of our results.
2 The topologial harge and lower bound
The denition of the topologial harge is based on the riterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement an be systematially [10℄
satised by arranging the gauge invariant topologial harge density to be the sum
of the usual, gauge variant winding number density
%
0
= "
ijk
"
abd

i

a

j

b

k



d
; (6)
plus a total divergene whose surfae integral vanishes due to the nite energy ondi-
tions, suh that the ombined density is gauge invariant. In 3 dimensions, this is given
expliitly in Refs. [10, 13℄ for the SO(3) gauged S
3
model, and for the present ase of
interest, namely the SO(2) gauged S
3
model, the harge density an be derived from
that of the SO(3) gauged model by ontration of the gauge group SO(3) down to
SO(2). It an also be arrived at diretly. To state the denition of the harge, we
denote the gauge ovariant ounterpart of (6) by
%
G
= "
ijk
"
abd
D
i

a
D
j

b
D
k



d
; (7)
so that using the notations (6) and (7) we have the denition of the gauge invariant
topologial harge
% = %
0
+ 
i


i
; (8)
= %
G
+
3
2
"
ijk
F
ij
("
AB

B
D
k

A
) : (9)
In (8) the density 

i
is the following gauge variant form


i
= 3"
ijk
"
AB
A
j

k

A

B
: (10)
4
The ux of 

i
vanishes, as an dedued by antiipating the nite energy onditions
to be stated later.
Note that the 3-volume integral of %
0
in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying %, (9), with the naught omponent j
0
of the Baryon urrent, j

is
dened by
j

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
"
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d
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
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
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D

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): (12)
The 4-divergene of (11) reeives a ontribution only from its rst term, whih
being loally a total divergene implies that the 3-volume integral of j
0
is a onserved
quantity. Alternatively we onsider the 4-divergene of (12),


j

= 6"

"

"
AB
D



D



D


A
D


B
(13)
whih is analogous to the orresponding quantity in the work of Goldstone and
Wilzek [6℄. This ontrasts with the expression for the total divergene of the topolog-
ial urrent in the work of d'Hoker and Farhi [7℄, where a dierent gauging presription
is used leading to that quantity being equal to the loal anomaly.
We now proeed to nd a model whose HamiltonianH
0
is bounded from below by
the topologial harge density dened by (9). We will then show that the Hamiltonian
(5) is given by H
0
plus ertain positive denite terms.
First of all, we reprodue the density %
G
, (7), in (9) by using the following in-
equality
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2
 0 (14)
where the two onstants 
3
and 
2
have the dimensions of length. Expanding the
square, we get %
G
on the right hand side of
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To reprodue the other term in (9),
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), we use the following
inequality
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With the speial hoie for the relative values of the onstants 3
3

2
2
= 
4
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2
0
, the
sum of (13) and (15) yields the following
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The right hand side of (18) is now proportional to the topologial harge density
% dened by (9) so that the inequality (18) an be interpreted as the topologial
inequality giving the lower bound on the energy density funtional if we dene the
latter to be the left hand side of (18), namely
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The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A
0
= 0). It diers from the latter only in its last term.
Now we an use the identity
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and add the positive denite term
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appearing on the
right hand side of (20) to H
0
in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
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whih is nothing but the stati Hamiltonian (5) in the temporal gauge A
0
= 0, and
where

1
= 
2
3
(1 +
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2
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4
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4
2
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By virtue of (18), (21) is also bounded from below by 2
3

2
2
%, namely by a number
proportional to the topologial harge density %.
We thus see that H
0
an be onsidered as a minimal (U(1) gauged) model, but
from now on, we will restrit our attention to the physially more relevant model (21)
and integrate it numerially to nd its topologially stable nite energy solitons.
The soliton solutions to the system (21) an only be found by solving the seond-
order Euler-Lagrange equations, and not some rst-order Bogomol'nyi equations sine
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density funtional H. In this ontext we note that saturating (14) and (16)
does indeed saturate the topologial lower bound on the funtional H
0
by virtue of
the inequality (18), and should it have turned out that the Bogomol'nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H
0
would have been a very interesting system to onsider. As it turns out however, these
Bogomol'nyi equations have only trivial solutions in exatly the same way as in the
ase of the (ungauged) Skyrme model [1℄.
The energy for the stati onguration, when the eletri eld vanishes, is ex-
pressed as
E(
0
; 
1
; 
2
) =
Z
d
3
x [
0
F
2
ij
+ 
1
(D
i

a
)
2
+ 
2
(D
[i

a
D
j℄

b
)
2
℄ (23)
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and performing the dilation x! x, A

! 
 1
A

, we get
E(
0
; 
1
; 
2
) =
Z
d
3
x [

0

F
2
ij
+ 
1
(D
i

a
)
2
+

2

(D
[i

a
D
j℄

b
)
2
℄: (24)
If we hoose  = (

2

1
)
1=2
then we have
E(
0
; 
1
; 
2
) = (
1

2
)
1=2
E(

0

2
; 1; 1) ; (25)
from whih we see that we an set 
1
= 
2
= 1 without any loss of generality. By
virtue of (21) and (25), we an nally state
E(
0
; 
1
; 
2
)  2(

1

2
1 +
9
2
4
0
)
1=2
Z
d
3
x %: (26)
Notie that for the usual Skyrme model we have
E
sk
(
1
; 
2
) =
R
dx
3
[
1
(
i

a
)
2
+ 
2
(
[i

a

j℄

b
)
2
℄
= (
1

2
)
1=2
E
sk
(1; 1)
 2(
1

2
)
1=2
R
dx
3
%
0
:
(27)
We will use (27) to ompare the numerial solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topologial stability onsiderations disussed
in this Setion apply only to the solutions with no eletri eld, i.e.with A
0
= 0.
3 The soliton and the harged U(1) Skyrmion
To nd the stati solutions, we have to look for the largest symmetry group of the
funtional to be subjeted to the variational priniple, and look for solutions whih
are invariant under that symmetry group. For the solutions in the A
0
= 0 gauge
this is the stati Hamiltonian (21), while for the solutions in the A
0
6= 0 it is the
Lagrangian (4). For our hoie of gauge group the largest symmetry is the SO(2)
group orresponding to an axial rotation in spae-time and a gauge transformation
on the gauge eld. Dening the axial variables r =
q
x
2
1
+ x
2
2
and and z = x
3
in terms
of the oordinates x
i
= (x

; x
3
),  = 1; 2, the most general axially symmetri Ansatz
[15℄ for the elds 
a
= (

; 
A
) (with  = 1; 2 and A = 3; 4), and, A
i
= (A

; A
3
), is


= sin f sin g n

; 
3
= sin f os g ; 
4
= os f ; (28)
A

=
a(r; z)  n
r
"

^x

+

2
(r; z)
r
^x

A
3
=

1
(r; z)
r
; A
0
=
b(r; z)
r
; (29)
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with n

= (sinn; osn) in terms of the azimuthal angle  and ^x

= x

=r. n in n

is the vortiity, whih for the Nuleons of interest to us here, equals one, n = 1. The
funtions a; b; 
1
; 
2
; f and g both depend on r and z.
Our Ansatz (29) for the U(1) eld onsists of deomposing the latter in the most
general tensor basis possible. We will nd out below, when we ompute the Euler{
Lagrange equations, that the funtions 
1
and 
2
vanish identially. Antiipating this,
we suppress them heneforth. In its nal form this Ansatz agrees with that used in
Ref. [15℄, the latter being arrived at by speialising the Rebbi{Rossi Ansatz for the
axially symmetri SO(3) eld.
The stati Hamiltonian, i.e.the T
00
omponent of the energy mometum tensor T

,
is then given by
H =
R


0
r
2

a
2
r
+ a
2
z
+ (b
r
 
b
r
)
2
+ b
2
z

+

1
2

f
2
r
+ f
2
z
+ sin
2
f(g
2
r
+ g
2
z
) +
a
2
+b
2
r
2
sin
2
f sin
2
g

+2
2
sin
2
f

(f
r
g
z
  f
z
g
r
)
2
+ sin
2
g[
a
2
+b
2
r
2
(f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
f)℄

rdrdz:
(30)
The boundary onditions for the Skyrmion elds are the same as the boundary
onditions for the hedgehog ansatz when expressed in the ylindrial oordinates
where g = =2 + artan(z=r) and dening R = (z
2
+ r
2
)
1=2
, f  f(R) with f(0) = 
and lim
R!1
f(R) = 0. From this we an dedue that the funtion f has a xed value
at the origin and at innity. For smothness along the z axis, eah eld, that is f , g and
A

must satisfy the ondition that the partial derivative with respet to of the eld at
r = 0 vanishes. The boundary onditions and the asymptoti behaviours for a and b
are hosen so that the gauge elds A

are well dened and A
0
looks asymptotialy like
a oulomb eld (i.e. with an eletri harge but no magneti harge). We also require
that the total energy be nite. These onditions leads to the following onstraints:
f(0; 0) =  f(r!1; z !1) = 0 f
r
(r = 0; z) = 0
g(r = 0; z < 0) = 0 g(r = 0; z > 0) =  g
R
j
R!1
= 0
a(r = 0; z) = 1 a
r
j
1
= 0 a
z
j
1
= 0
a
r
(r = 0; z) = 0 A
0
(r!1; z !1) = V
0
+ q=r A
0
(r = 0; z) = 0
(31)
where R = (z
2
+ r
2
)
1=2
and where we have used the notation
a
r
= a
r
et. Note
that the eld g is undened at the origin and the resulting disontinuity of g at that
point is an artefat of the oordinate system used. The asymptoti behaviour of A
0
at innity will be disussed in a later Setion. To solve the equations numerially, it
is more onveniant to use the eld A
0
rather than b; this is why we have expressed
the boundary ondition in terms of that eld. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
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Now the volume integral (with the appropriate normalisation of 12
2
) of %
0
given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in %
0
and the volume integral is omputed
subjet to the boundary onditions given above, the result will equal the integer n
dened in (28). Thus, the Baryon number of the eld onguration (28) equals the
vortex number n. In what follows, we will restrit ourselves to unit Baryon number,
n = 1, i.e.to the Nuleons.
Before we proeed to substitute the Anstaz (28), (29) into the eld equations, we
alulate the Baryon urrent (11) for the eld ongurations (28), (29) desribed by
the solutions we seek. We express the spae-like part of this urrent j
i
in the radial
diretion owing out of the normal to the surfae of the ylinder whih we denote by
j
r
, and in the z diretion whih we denote by j
z
. The result is
j
r
=
6
r
[(
_
fg
z
  _gf
z
)a sin
2
f sin g (32)
+
1
2
( _ga
z
  _ag
z
) sin f os f sin g +
1
2
( _af
z
 
_
fa
z
) os g℄
j
z
=  
6
r
[(
_
fg
r
  _gf
r
)a sin
2
f sin g (33)
+
1
2
( _ga
r
  _ag
r
) sin f os f sin g +
1
2
( _af
r
 
_
fa
r
) os g℄ ;
where we have denoted
f
t
=
_
f et. Note that the Baryon urrent (32), (33) are not
sensitive to the harge of the Nuleon, i.e. that the funtion b(r; z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational priniple applied to the Lagrangian (4), in the stati limit.
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Substituting the ansatz (28) (29) into these equations of motion leads to
a
rr
 
a
r
r
  a
zz
  a sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
b
rr
 
b
r
r
+
b
r
2
+ b
zz
  b sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
f  (g
2
r
+ g
2
z
+
a
2
 b
2
r
2
sin
2
g) sin f os f+
+4

2

1
sin f
h
(g
r
(f
zz
g
r
  f
r
g
zz
+ f
z
g
rz
  f
rz
g
z
  f
z
=rg
z
)
+g
z
(f
rr
g
z
  f
z
g
rr
+ f
r
g
rz
  f
rz
g
r
+ f
r
=rg
z
))sin f + (f
r
g
z
  g
r
f
z
)
2
os f
+sin g=r
2

(a
2
  b
2
)(f
2
r
+ f
2
z
  2(g
2
r
+ g
2
z
) sin
2
f) os f sin g
+((a
2
  b
2
)(f
rr
+ f
zz
  f
r
=r) + 2f
r
(aa
r
  bb
r
) + 2f
z
(aa
z
  bb
z
)) sin f sin g
+2(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) sin f os g
i
= 0:
g +2(f
r
g
r
+ f
z
g
z
) ot f  
a
2
 b
2
r
2
sin g os g+
+4

2

1
h
f
z
(f
z
g
rr
  f
rr
g
z
+ f
rz
g
r
  f
r
g
rz
+ f
z
g
r
=r)
+f
r
(f
r
g
zz
  f
zz
g
r
+ f
rz
g
z
  f
z
g
rz
  f
z
g
z
=r)
+ sin g=r
2

(a
2
  b
2
)((g
2
r
+ g
2
z
) sin
2
f   f
2
r
  f
2
z
) os g
((a
2
  b
2
)(g
rr
+ g
zz
  g
r
=r) + 2g
r
(aa
r
  bb
r
) + 2g
z
(aa
z
  bb
z
)) sin
2
f sin g
+4(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) os f sin f sin g
i
= 0:
(34)
In the ase of the A
0
= 0 gauge, equations (34) oinide with the Euler-Lagrange
equations derived from the positive denite Hamiltonian density (5). Moreover in
that ase, those equations also oinide with the Euler-Lagrange equations of the
redued two dimensional Hamiltonian obtained by subjeting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expeted due to the strit impo-
sition of symmetry. In the A
0
6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) whih is not positive denite. Nonetheless these equations
oinide with those arising from the redued two dimensional Lagrangian obtained
by subjeting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9℄.)
3.1 A
0
= 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for whih b = 0 (i.e. A
0
= 0).
As mentioned before, in that ase, equation (34) an be obtained by minimising the
Hamiltonian (30). Notie also that setting a = 0 is not ompatible with our boundary
onditions (A
i
would not be well dened at the origin). We thus expet our gauged
solution to arry a non-zero magneti eld.
To show this we have to solve equations (34) numerially for the non-vanishing
funtions f(r; z); g(r; z) and a(r; z).
We have restrited our numerial integrations to the ase where the vortex number
n appearing in the axially symmetri Ansatz (28) is equal to 1, i.e.our soliton arries
10
unit Baryon number.
Using (30), we have found numerially that E(1; 1; 1) = 24
2
1:01 whereas for
those values of 
0
; 
1
; 
2
the lower bound for the energy given by (26) is 24
2
0:555.
In Figure 1, we present the total energy for the gauged Skyrmion as a funtion of

0
, together with the lower bound given by (26). Note that the asymptoti value
of E(
0
; 1; 1) is 24
2
1:232 as 
0
! 1. As a omparison, the energy (27) for the
ungauged Skyrmion is E
sk
(1; 1) = 24
2
1:232 with a lower bound set at 24
2
. We see
that E(
0
= 1; 1; 1) = E
sk
(1; 1) whih means that as 
0
! 1, the gauge oupling
1=
1=2
0
goes to zero and the gauged Skyrmion beomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expeted, but that on the other hand, the
amount by whih the energy of the gauged Skyrmion exeeds its topologial lower
bound is larger than the exess of the energy of the ungauged Skyrmion above its
respetive topologial lower bound. For example we an learly see from Figure 1.a
that at 
0
= 20, the energy of the gauged Skyrmion 1:22 (in units of 24
2
) exeeds
the lower bound 0:95 by 0:27. This is larger than 0:232, the exess of the ungauged
Skyrmion energy over its lower bound. For smaller values of 
0
Figure 1.a shows that
the exess of the energy of the gauged Skyrmion over its lower bound is even larger,
hene this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to 
0
in (30), is dereasing as 
0
inreases. Notie that we ould have used for the Maxwell
Energy the sum of all the terms involving the gauge eld funtions a and b in (30),
but this would lead to a gure similar to Figure 1.b.
In Figure 2, we show the prole and the level urve for the energy density of the
Skyrmion in the r; z plane for 
0
= 1. One sees learly that the eet of the gauged
eld is to make the Skyrmion elongated along the z axis. The magneti eld vetors
of the Skyrmion are parallel to the r; z plane. In Figure 3, we show the onguration
of magneti eld using arrows to represent the magneti eld vetor at eah point on
the grid. Notie that there is a vortex around the point r = 2; z = 0. The magneti
eld is thus generated by a urrent owing on a ring entred around the z axis.
In terms of the usual physial onstants[3℄, we have 
 1
0
= 4e
2
, 
1
= F
2

=8 and

 1
2
= 8a
2
where we use a instead of the traditional e for the Skyrme oeÆient to
avoid onfusion with the eletri harge.
In our units,  = h = 1, we have e = (4)
1=2
where  = 1=137 is the ne
struture onstant. Choosing F

= 186MeV , we an nd the value for a by requiring
that the energy of the neutron M
n
= 939MeV mathes the energy of the Skyrmion:
M
n
=
F

8a
E(
2a
2
e
2
; 1; 1):
In Figure 1.a, we an read the value of E(
0
; 1; 1) (given in units of 24
2
MeV ) with

0
= 2a
2
=e
2
. We now have to nd the value of 
0
for whih 24
2
E(
0
; 1; 1) =
2(2
0
)
1=2
eM
n
=F

. The intersetion between the urve
eM
n
6
2
F

(2
0
)
1=2
and the urve
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Figure 1: a) Energy and topologial bound of the gauged Skyrmion in units of 24
2
.
b) Ratio of the eletromagneti and the total energy as a funtion of 
0
.
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Figure 2: a) Energy density for the gauged Skyrmion in the (r; z) plane (
0
= 
1
=

2
= 1). b) Energy density level urve for the gauged Skyrmion (
0
= 
1
= 
2
= 1).
12
Figure 3: Magneti Field of the gauged Skyrmion (
0
= 
1
= 
2
= 1).
E(
0
; 1; 1) in Figure 1.a is loated in the region where the energy is virtually equal to
the asymptoti value E(
0
; 1; 1) = 1:232. This means that a  3
2
1:232F

=M
n
 7:2
and that 
0
 1138. We an thus onlude that the eetive impat of the Maxwell
term we have added to the Skyrme model is relatively small.
This justies the proedure used in [5℄ where the Skyrmion was oupled with
an external magneti eld of a magneti monopole. Indeed, as the Maxwell eld
generated by a Skyrmion is very small (for the parameters tting the atual mass of
the nuleons) the external eld is muh larger than the Skyrmion's magneti eld.
It would be interesting to nd the dierenes between the eletromagneti quan-
tities obtained from the ungauged model, as in [3℄, and our U(1) gauged model. We
are not able to ompute the solutions of the U(1) gauged model for the physial value
of the parameter 
0
as this is too large, but as we now know that the inuene of
the gauge eld is very small, we an ompute the latter perturbatively around the
(ungauged) Hedgehog as an indued eld. This enables the evalution of the energy
orretion and the indued magneti moment. This perturbative analysis will be be
arried out in the Setion 4.
It an also be onluded that if the U(1) gauged Skyrme model were quantised as
in [3℄ (by quantising the zero modes orresponding to the global gauge transforma-
tion) but taking into aount the eletromagneti eld generated lassially by the
Skyrmion, the result would not dier very markedly from what was obtained in [3℄.
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Figure 4: a) Energy of the harged Skyrmion b) V
0
as a funtion of 
0
3.2 A
0
6= 0 : harged U(1) Skyrmion
We an now look for solutions with a non-zero eletri harge by requiring that the
eld b in our ansatz (29) does not vanish. To do this we follow the same proedure
as Julia and Zee [9℄ and require that the eletri eld be asymptotially of the form
A
0
= V
0
+ q=(r
2
+ z
2
)
1=2
where V
0
and q are two onstants. In pratie, one omputes
solutions for dierent values of V
0
and evaluates q by omputing the eletri ux. We
sought only those solutions, for whih the eletri ux equals 4 times the harge of
the eletron.
It is important to realise that in this ase, equations (34) are obtained after min-
imising the ation and thus they do not minimise the Hamiltonian (30).
In our units, the harge of the eletron is 0:303. In Figure 4 we show the energy
as a funtion of 
0
, as well as V
0
as a funtion of 
0
, so that q = 0:303.
One an see that, for a xed value of 
0
, the energy of the harged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when 
0
< 7 but it is always
larger than the energy of the unharged gauged Skyrmion. If the energies of the
eletrially harged and unharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron m
P
and m
N
, then on this purely lassial level
we would have to onlude that (m
P
 m
N
) > 0 whih is not orret. This is expeted
on the basis of its analogy with the dyon [9℄. Clearly, to alulate this mass dierene
orretly one would have to perform the olletive oordinate quantisation as in Ref.
[3℄, whih we do not do here.
The energy of the harged Skyrmion inreases with 
0
. It is unfortunately very
diÆult to arry out the numerial omputations aurately when 
0
is very large.
At this stage, it is worth saying a few words about the numerial methods we
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have used. To ompute the stati solutions, we have employed a relaxation method
using nite dierenes on a regular grid (dr = dz). This disretisation method is
similar to the one employed in the numerial omputation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18℄. To ompute the eletrially harged
solutions, we have imposed the boundary ondition b(1;1) = V
0
for dierent V
0
and using a dihotomi method, we have determined the values that give a solution
with the same eletri ux as the proton. Most of the simulations where done on
200400 or 300600 grids. By omputing the same solution for various lattie sizes,
we have empirially obtained the following relation for the expression of the energy
of a solution : E = E
0
+ Kdr
2
where E
0
is the exat solution, dr = dz the lattie
spaing and K is a onstant whih depends on 
0
but takes values between 1 and
0:5. We see thus that the energies we have obtained are aurate to within one or one
half of a perent. This inauray in the value of the energy is omparable to that
of many other similar works on 2 dimensional systems [17, 18℄, and though it might
look large, it does not aet any of the onlusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physial values of the parameters, namely of the pion deay onstant and the
U(1) oupling, does not dier signiantly from that of the ungauged Hedgehog. It
is therefore justied, for these values of the parameters, to treat the U(1) eld as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14℄ treat
the U(1) eld as a pertubation to the SU(2) sphaleron. We will then be able to
ompute the magneti moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the elds (
a
; A

) are derived from the Lagrangian (1). The
equation for A

will be of the form

0


F

= j

: (35)
The method onsists of setting the gauge eld A

to zero in the urrent j

in (35) (and
in the equation for 
a
) and alulating the resulting indued eletromagneti eld A

.
The gauge eld omputed this way an then be interpeted as the U(1) eld generated
by the (ungauged) Hedgehog Skyrme eld. With this perturbative proedure, it is
possible to alulate the indued stati magneti potential A
i
(i = 1; 2; 3), but not the
stati eletri potential A
0
, whih in this sheme vanishes and an only be alulated
non-perturbatively. The reason simply is that restriting to the use of the stati
Hedgehog, the zeroth omponent of the urrent j
0
at A

= 0 vanishes, resulting in
turn in vanishing indued potential A
0
aording to (35).
As a onsequene the eletri eld will be identialy zero, whih implies that we
an derive the equation from the stati Hamiltonian rather than from the Lagrangian.
Notie also that we ould try to ompute perturbatively a solution for the eletrially
harges skyrmion by keeping in j
0
the terms proportional to A
0
, instead of setting
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to 0, and impose the ondition that the eletri eld is assymptotialy like that
of the proton. This pertubation method would not make muh sense though as one
would expet the eletri eld to be quite large lose to the skyrmion.
The relevant energy funtional is (23), and the resulting equation arising from the
variation of the gauge eld A
i
is

0
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F
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i
(36)
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We are onerned here with the ase where A
i
= 0 (37) and the hiral eld 
a
=
(

; 
3
; 
4
) in (37) desribes the Hedgehog. i.e.


= sinF (R) ^x

; 
3
= sinF (R) ^x
3
; 
4
= osF (R) ; (38)
where now ^x
a
= x
a
=R, with R =
p
r
2
+ z
2
. By virtue of equation (36) the urrent
(37), given by (38) and A
i
= 0, will now indue a (small) U(1) eld A
i
, with urvature
F
ij
= 
i
A
j
  
j
A
i
.
The shift in the energy of the Hedgehog due to the indued U(1) eld A
i
is
E =
Z
d
3
x (
0
F
ij
F
ij
+ 4A
i
j
i
) ; (39)
in whih j
i
= j
i
(0) is the urrent (37) for A
i
= 0. (Note that all quantities evaluated at
A
i
= 0 are denoted by Roman sript, e.g. j
i
= j
i
(0), as well as the indued onnetion
and urvature A
i
and F
ij
.) When equation (36) is satied for the indued U(1) eld,
E =  
0
Z
d
3
x F
ij
F
ij
(40)
= 2
Z
d
3
x A
i
j
i
; (41)
whih is, as expeted, a stritly negative quantity.
The urrent j
i
= (j

; j
3
) in (39) and (41) is given, for the Hedghog eld ongura-
tion (38), by
j

=
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2
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(42)
j
3
= 0 : (43)
We now note that 
i
j
i
= 0, whih means that equation (36), for A
i
= 0, takes the
following form in terms of the indued U(1) onnetion A
i
= (A

; 0)

0
 A

=  j

: (44)
The solution is well known and an be expressed, using the obvious notation j

(x) =
j(R) "

^x

in terms of (42), as
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After performing the angular integrations we have
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(x) =  I(R) "

^x

; (46)
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Finally, in the R 1 region of interest, the indued U(1) potential is
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^x

; with ;
^
I =
1
3
0
Z
1
0
s
3
j(s) ds ; (48)
to be evaluated numerially using the numerially onstruted hedgehog prole fun-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magneti dipole 
A(x) =
 x
4R
3
;
we nd that  = (0; 0; ) is
 = 4
^
I : (49)
We an evaluate the magneti moment (49) and the energy orretion (41) indued
by the eletromagneti eld by evaluating the integral (47) and (48) numerially. If
we take the experimental values F

= 186MeV and a = 7:2 we obtain
 = 0:01393fm = 0:43nm (50)
E =  0:1keV: (51)
The experimental value for the magneti moment of the proton and the neutron are
respetivly 
p
= 0:0902fm = 2:79nm and 
n
= 0:0617fm =  1:91nm. If on the
other hand we take the values of the parameters derived in [3℄, F

= 129MeV and
a = 5:45, we have
 = 0:0468fm = 1:449nm (52)
E =  0:32keV: (53)
The magneti moment of a partile is stritly speaking a quantum property and it
should be omputed by quantising the SU(2) gauge degree of freedom as in [3℄. Nev-
ertheless, we see that if the take the parameters derived in [3℄ the lassial magneti
moment is of the orret order of magnitude. The sign is of ourse undetermined as
the lassial magneti moment is a vetor. We an thus onlude that our model oers
a reasonable lassial desription of Nuleons and aords a method for omputing the
eletromagneti eld generated by the Skyrmion, lassially. It is quite surprising to
see that a quantum property like the magneti moment an be reasonably predited
by a purely lassial proedure.
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5 Summary and disussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
nite energy stati solutions, eletrially unharged and harged respetively. Both
of these solutions are axially symmetri and arry no magneti harge but support a
magneti eld shaped like a torus entred around the axis of symmetry, albeit resulting
in zero magneti ux. The unharged solutions, like the ungauged Skyrmion, have a
topologial lower bound. The eletrially harged solutions are the analogues of the
Julia-Zee dyons [9℄ of the Georgi-Glashow model.
Conerning the stability of the eletrially neutral solution, whih is expeted to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
eort to test it. We expet however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branhes for all values of the parameters in the
model. This expetation is based on our knowledge of the orresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21℄, in whih ase the
equations arising from the imposition of spherial symmetry were one dimensional,
and hene tehnially muh more amenable to the numerial integration. In that
ase it was found that in addition to stable branhes of solutions, there were also
some unstable branhes bifurating from the former, the important matter being
that there were indeed stable branhes of solutions, haraterised by the (ranges of
the) parameters of the model. It would be very interesting to arry out the analysis
orresponding to that of [20, 21℄, for the onsiderably more omplex ase of the axially
symmetri equations at hand. This however is tehnially beyond the sope of the
present work.
The energies of the gauged unharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge oupling 1=
1=2
0
goes to 0, the unharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the eletrially harged Skyrmion is higher than the unharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physial result of the present work is that when
parameters in the model are tted to reprodue physial quantities, it turns out that
the eet of the Maxwell term in the Skyrme Lagrangian is very small. This is beause
for the physial value of the onstant 
0
= 1138, the energy of the gauged unharged
Skyrmion diers little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion eld itself is thus nearly radially symmetri (though the gauge
eld is not).
Having found that the inuene of the eletromagneti eld on the Skyrmion
is small, we were pointed in the diretion of treating the magneti potential as an
indued eld perturbatively around the (ungauged) Hedgehog. We have been able
thus, to ompute the lassial magneti moment of the (unharged) Skyrmion of unit
Baryon harge, namely of the Neutron. The result is that the lassial magneti
moment of the Skyrmion mathes surprisingly well to the experimental values of the
magneti moments of the Nuleons.
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1 Introdution
For a long time now, muh attention has been paid to the Skyrme [1℄ model in 3
dimensions. It is believed to be an eetive theory for nuleons in the large N limit
of QCD at low energies. The lassial properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nulei [2, 3, 4℄.
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5℄
was used to study the deay of nuleons in the viinity of a monopole [5℄, while the
SU(2)
L
gauged model [7℄ was used to study the deay of nuleons when the Skyrme
model is oupled to the weak interations [7℄. The Skyrme model has also been used
to ompute the quantum properties of the Skyrmion [3℄ where the gauge degrees of
freedom are quantised to ompute the low energy eigenstates of a Skyrmion. These
states were identied as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model an be oupled to a self
ontained eletromagneti eld and that this U(1) gauged model has stable lassial
solutions. In addition to these solitons with vanishing magneti and eletri ux, we
show that this system supports solutions with nonvanishing eletri ux whih are
analogous to the dyon solutions of the Georgi-Glashow model, just as the unharged
solitons are the analogues of the monoploles [8℄ of that model. The eletrially harged
lumps have larger energy, or mass, than the unharged soliton, just like the Julia-Zee
dyon [9℄ has larger energy, or is heavier, than the (eletrially unharged) monopole.
We shall refer to these lumps as harged U(1) Skyrmions.
In addition to its intrinsi interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged S
d
model with N < d for the ase d = 3; N = 2 , extending the results of
Ref. [10℄ whih were restrited to the N = d ases. (The work of Ref. [10℄ onsists
of establishing topologial lower bounds for the generi ase, enompassing earlier
examples in two [11℄ and three [12, 13℄ dimensions respetively.) The gauging pre-
sription used here by us oinides preisely with that used in Ref. [5℄ and permits
the establishing of a topologial lower bound whih did not feature in Ref. [5℄ and
whih is arried out here to establish the stability of the soliton. Suh lower bounds
are absent in the other presription of gauging the Skyrme model as in Refs. [7℄.
(Notie that we name the sigma models after the manifold in whih the elds take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime alled the O(d+1) model in the literature will be refered to as the
S
d
model.)
The U(1) gauged SU(2) Skyrme model is desribed by the Lagrangian [5℄
L =
F
2

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ovariant derivative is
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After performing the angular integrations we have
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Finally, in the R 1 region of interest, the indued U(1) potential is
A

(x) =  
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R
2
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^x

; with ;
^
I =
1
3
0
Z
1
0
s
3
j(s) ds ; (48)
to be evaluated numerially using the numerially onstruted hedgehog prole fun-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magneti dipole 
A(x) =
 x
4R
3
;
we nd that  = (0; 0; ) is
 = 4
^
I : (49)
We an evaluate the magneti moment (49) and the energy orretion (41) indued
by the eletromagneti eld by evaluating the integral (47) and (48) numerially. If
we take the experimental values F

= 186MeV and a = 7:2 we obtain
 = 0:01393fm = 0:43nm (50)
E =  0:1keV: (51)
The experimental value for the magneti moment of the proton and the neutron are
respetivly 
p
= 0:0902fm = 2:79nm and 
n
= 0:0617fm =  1:91nm. If on the
other hand we take the values of the parameters derived in [3℄, F

= 129MeV and
a = 5:45, we have
 = 0:0468fm = 1:449nm (52)
E =  0:32keV: (53)
The magneti moment of a partile is stritly speaking a quantum property and it
should be omputed by quantising the SU(2) gauge degree of freedom as in [3℄. Nev-
ertheless, we see that if the take the parameters derived in [3℄ the lassial magneti
moment is of the orret order of magnitude. The sign is of ourse undetermined as
the lassial magneti moment is a vetor. We an thus onlude that our model oers
a reasonable lassial desription of Nuleons and aords a method for omputing the
eletromagneti eld generated by the Skyrmion, lassially. It is quite surprising to
see that a quantum property like the magneti moment an be reasonably predited
by a purely lassial proedure.
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Skyrme oupling). For physial values of these parameters in the model, we nd that
the energy (mass) of the gauged Skyrmion does not dier signiantly from that of
the ungauged harged-1 Skyrmion, namely the familiar hedgehog [1℄. This implies
that for these values of the physial parameters, the U(1) gauged Skyrmion an be
regarded as a perturbation of the (ungauged) hedgehog, enabling the omputation
of the magneti moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1℄,
perturbatively using the method employed by Klinkhamer and Manton [14℄ for the
sphaleron of the Weinberg{Salam model.
In Setion 2, we dene the topologial harge and establish the orresponding
lower bound on the energy funtional. In Setion 3 we present the solutions whih
have no eletri elds in the rst subsetion and eletrially harged solutions in
the seond subsetion. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is arried out in Setion 4, and Setion 5 is devoted to a
disussion of our results.
2 The topologial harge and lower bound
The denition of the topologial harge is based on the riterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement an be systematially [10℄
satised by arranging the gauge invariant topologial harge density to be the sum
of the usual, gauge variant winding number density
%
0
= "
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"
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
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
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b

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d
; (6)
plus a total divergene whose surfae integral vanishes due to the nite energy ondi-
tions, suh that the ombined density is gauge invariant. In 3 dimensions, this is given
expliitly in Refs. [10, 13℄ for the SO(3) gauged S
3
model, and for the present ase of
interest, namely the SO(2) gauged S
3
model, the harge density an be derived from
that of the SO(3) gauged model by ontration of the gauge group SO(3) down to
SO(2). It an also be arrived at diretly. To state the denition of the harge, we
denote the gauge ovariant ounterpart of (6) by
%
G
= "
ijk
"
abd
D
i

a
D
j

b
D
k



d
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so that using the notations (6) and (7) we have the denition of the gauge invariant
topologial harge
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In (8) the density 

i
is the following gauge variant form
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have used. To ompute the stati solutions, we have employed a relaxation method
using nite dierenes on a regular grid (dr = dz). This disretisation method is
similar to the one employed in the numerial omputation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18℄. To ompute the eletrially harged
solutions, we have imposed the boundary ondition b(1;1) = V
0
for dierent V
0
and using a dihotomi method, we have determined the values that give a solution
with the same eletri ux as the proton. Most of the simulations where done on
200400 or 300600 grids. By omputing the same solution for various lattie sizes,
we have empirially obtained the following relation for the expression of the energy
of a solution : E = E
0
+ Kdr
2
where E
0
is the exat solution, dr = dz the lattie
spaing and K is a onstant whih depends on 
0
but takes values between 1 and
0:5. We see thus that the energies we have obtained are aurate to within one or one
half of a perent. This inauray in the value of the energy is omparable to that
of many other similar works on 2 dimensional systems [17, 18℄, and though it might
look large, it does not aet any of the onlusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physial values of the parameters, namely of the pion deay onstant and the
U(1) oupling, does not dier signiantly from that of the ungauged Hedgehog. It
is therefore justied, for these values of the parameters, to treat the U(1) eld as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14℄ treat
the U(1) eld as a pertubation to the SU(2) sphaleron. We will then be able to
ompute the magneti moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the elds (
a
; A

) are derived from the Lagrangian (1). The
equation for A

will be of the form

0


F

= j

: (35)
The method onsists of setting the gauge eld A

to zero in the urrent j

in (35) (and
in the equation for 
a
) and alulating the resulting indued eletromagneti eld A

.
The gauge eld omputed this way an then be interpeted as the U(1) eld generated
by the (ungauged) Hedgehog Skyrme eld. With this perturbative proedure, it is
possible to alulate the indued stati magneti potential A
i
(i = 1; 2; 3), but not the
stati eletri potential A
0
, whih in this sheme vanishes and an only be alulated
non-perturbatively. The reason simply is that restriting to the use of the stati
Hedgehog, the zeroth omponent of the urrent j
0
at A

= 0 vanishes, resulting in
turn in vanishing indued potential A
0
aording to (35).
As a onsequene the eletri eld will be identialy zero, whih implies that we
an derive the equation from the stati Hamiltonian rather than from the Lagrangian.
Notie also that we ould try to ompute perturbatively a solution for the eletrially
harges skyrmion by keeping in j
0
the terms proportional to A
0
, instead of setting
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The right hand side of (18) is now proportional to the topologial harge density
% dened by (9) so that the inequality (18) an be interpreted as the topologial
inequality giving the lower bound on the energy density funtional if we dene the
latter to be the left hand side of (18), namely
H
0
= 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
: (19)
The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A
0
= 0). It diers from the latter only in its last term.
Now we an use the identity
("
AB

B
D
i

A
)
2
= (D
i

a
)
2
 

1
2
(
[
D
i

℄
)
2
+ (
[
D
i

A℄
)
2

(20)
and add the positive denite term

2
3

4
2
9
4
0

1
2
(
[
D
i

℄
)
2
+(
[
D
i

A℄
)
2

appearing on the
right hand side of (20) to H
0
in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
H = 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
% (21)
whih is nothing but the stati Hamiltonian (5) in the temporal gauge A
0
= 0, and
where

1
= 
2
3
(1 +
9
4
2
4
4
0
); 
0
= 
4
0
; 
2
= 
4
2
: (22)
By virtue of (18), (21) is also bounded from below by 2
3

2
2
%, namely by a number
proportional to the topologial harge density %.
We thus see that H
0
an be onsidered as a minimal (U(1) gauged) model, but
from now on, we will restrit our attention to the physially more relevant model (21)
and integrate it numerially to nd its topologially stable nite energy solitons.
The soliton solutions to the system (21) an only be found by solving the seond-
order Euler-Lagrange equations, and not some rst-order Bogomol'nyi equations sine
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density funtional H. In this ontext we note that saturating (14) and (16)
does indeed saturate the topologial lower bound on the funtional H
0
by virtue of
the inequality (18), and should it have turned out that the Bogomol'nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H
0
would have been a very interesting system to onsider. As it turns out however, these
Bogomol'nyi equations have only trivial solutions in exatly the same way as in the
ase of the (ungauged) Skyrme model [1℄.
The energy for the stati onguration, when the eletri eld vanishes, is ex-
pressed as
E(
0
; 
1
; 
2
) =
Z
d
3
x [
0
F
2
ij
+ 
1
(D
i

a
)
2
+ 
2
(D
[i

a
D
j℄

b
)
2
℄ (23)
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Figure 3: Magneti Field of the gauged Skyrmion (
0
= 
1
= 
2
= 1).
E(
0
; 1; 1) in Figure 1.a is loated in the region where the energy is virtually equal to
the asymptoti value E(
0
; 1; 1) = 1:232. This means that a  3
2
1:232F

=M
n
 7:2
and that 
0
 1138. We an thus onlude that the eetive impat of the Maxwell
term we have added to the Skyrme model is relatively small.
This justies the proedure used in [5℄ where the Skyrmion was oupled with
an external magneti eld of a magneti monopole. Indeed, as the Maxwell eld
generated by a Skyrmion is very small (for the parameters tting the atual mass of
the nuleons) the external eld is muh larger than the Skyrmion's magneti eld.
It would be interesting to nd the dierenes between the eletromagneti quan-
tities obtained from the ungauged model, as in [3℄, and our U(1) gauged model. We
are not able to ompute the solutions of the U(1) gauged model for the physial value
of the parameter 
0
as this is too large, but as we now know that the inuene of
the gauge eld is very small, we an ompute the latter perturbatively around the
(ungauged) Hedgehog as an indued eld. This enables the evalution of the energy
orretion and the indued magneti moment. This perturbative analysis will be be
arried out in the Setion 4.
It an also be onluded that if the U(1) gauged Skyrme model were quantised as
in [3℄ (by quantising the zero modes orresponding to the global gauge transforma-
tion) but taking into aount the eletromagneti eld generated lassially by the
Skyrmion, the result would not dier very markedly from what was obtained in [3℄.
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with n

= (sinn; osn) in terms of the azimuthal angle  and ^x

= x

=r. n in n

is the vortiity, whih for the Nuleons of interest to us here, equals one, n = 1. The
funtions a; b; 
1
; 
2
; f and g both depend on r and z.
Our Ansatz (29) for the U(1) eld onsists of deomposing the latter in the most
general tensor basis possible. We will nd out below, when we ompute the Euler{
Lagrange equations, that the funtions 
1
and 
2
vanish identially. Antiipating this,
we suppress them heneforth. In its nal form this Ansatz agrees with that used in
Ref. [15℄, the latter being arrived at by speialising the Rebbi{Rossi Ansatz for the
axially symmetri SO(3) eld.
The stati Hamiltonian, i.e.the T
00
omponent of the energy mometum tensor T

,
is then given by
H =
R


0
r
2

a
2
r
+ a
2
z
+ (b
r
 
b
r
)
2
+ b
2
z

+

1
2

f
2
r
+ f
2
z
+ sin
2
f(g
2
r
+ g
2
z
) +
a
2
+b
2
r
2
sin
2
f sin
2
g

+2
2
sin
2
f

(f
r
g
z
  f
z
g
r
)
2
+ sin
2
g[
a
2
+b
2
r
2
(f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
f)℄

rdrdz:
(30)
The boundary onditions for the Skyrmion elds are the same as the boundary
onditions for the hedgehog ansatz when expressed in the ylindrial oordinates
where g = =2 + artan(z=r) and dening R = (z
2
+ r
2
)
1=2
, f  f(R) with f(0) = 
and lim
R!1
f(R) = 0. From this we an dedue that the funtion f has a xed value
at the origin and at innity. For smothness along the z axis, eah eld, that is f , g and
A

must satisfy the ondition that the partial derivative with respet to of the eld at
r = 0 vanishes. The boundary onditions and the asymptoti behaviours for a and b
are hosen so that the gauge elds A

are well dened and A
0
looks asymptotialy like
a oulomb eld (i.e. with an eletri harge but no magneti harge). We also require
that the total energy be nite. These onditions leads to the following onstraints:
f(0; 0) =  f(r!1; z !1) = 0 f
r
(r = 0; z) = 0
g(r = 0; z < 0) = 0 g(r = 0; z > 0) =  g
R
j
R!1
= 0
a(r = 0; z) = 1 a
r
j
1
= 0 a
z
j
1
= 0
a
r
(r = 0; z) = 0 A
0
(r!1; z !1) = V
0
+ q=r A
0
(r = 0; z) = 0
(31)
where R = (z
2
+ r
2
)
1=2
and where we have used the notation
a
r
= a
r
et. Note
that the eld g is undened at the origin and the resulting disontinuity of g at that
point is an artefat of the oordinate system used. The asymptoti behaviour of A
0
at innity will be disussed in a later Setion. To solve the equations numerially, it
is more onveniant to use the eld A
0
rather than b; this is why we have expressed
the boundary ondition in terms of that eld. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
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unit Baryon number.
Using (30), we have found numerially that E(1; 1; 1) = 24
2
1:01 whereas for
those values of 
0
; 
1
; 
2
the lower bound for the energy given by (26) is 24
2
0:555.
In Figure 1, we present the total energy for the gauged Skyrmion as a funtion of

0
, together with the lower bound given by (26). Note that the asymptoti value
of E(
0
; 1; 1) is 24
2
1:232 as 
0
! 1. As a omparison, the energy (27) for the
ungauged Skyrmion is E
sk
(1; 1) = 24
2
1:232 with a lower bound set at 24
2
. We see
that E(
0
= 1; 1; 1) = E
sk
(1; 1) whih means that as 
0
! 1, the gauge oupling
1=
1=2
0
goes to zero and the gauged Skyrmion beomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expeted, but that on the other hand, the
amount by whih the energy of the gauged Skyrmion exeeds its topologial lower
bound is larger than the exess of the energy of the ungauged Skyrmion above its
respetive topologial lower bound. For example we an learly see from Figure 1.a
that at 
0
= 20, the energy of the gauged Skyrmion 1:22 (in units of 24
2
) exeeds
the lower bound 0:95 by 0:27. This is larger than 0:232, the exess of the ungauged
Skyrmion energy over its lower bound. For smaller values of 
0
Figure 1.a shows that
the exess of the energy of the gauged Skyrmion over its lower bound is even larger,
hene this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to 
0
in (30), is dereasing as 
0
inreases. Notie that we ould have used for the Maxwell
Energy the sum of all the terms involving the gauge eld funtions a and b in (30),
but this would lead to a gure similar to Figure 1.b.
In Figure 2, we show the prole and the level urve for the energy density of the
Skyrmion in the r; z plane for 
0
= 1. One sees learly that the eet of the gauged
eld is to make the Skyrmion elongated along the z axis. The magneti eld vetors
of the Skyrmion are parallel to the r; z plane. In Figure 3, we show the onguration
of magneti eld using arrows to represent the magneti eld vetor at eah point on
the grid. Notie that there is a vortex around the point r = 2; z = 0. The magneti
eld is thus generated by a urrent owing on a ring entred around the z axis.
In terms of the usual physial onstants[3℄, we have 
 1
0
= 4e
2
, 
1
= F
2

=8 and

 1
2
= 8a
2
where we use a instead of the traditional e for the Skyrme oeÆient to
avoid onfusion with the eletri harge.
In our units,  = h = 1, we have e = (4)
1=2
where  = 1=137 is the ne
struture onstant. Choosing F

= 186MeV , we an nd the value for a by requiring
that the energy of the neutron M
n
= 939MeV mathes the energy of the Skyrmion:
M
n
=
F

8a
E(
2a
2
e
2
; 1; 1):
In Figure 1.a, we an read the value of E(
0
; 1; 1) (given in units of 24
2
MeV ) with

0
= 2a
2
=e
2
. We now have to nd the value of 
0
for whih 24
2
E(
0
; 1; 1) =
2(2
0
)
1=2
eM
n
=F

. The intersetion between the urve
eM
n
6
2
F

(2
0
)
1=2
and the urve
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Substituting the ansatz (28) (29) into these equations of motion leads to
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(34)
In the ase of the A
0
= 0 gauge, equations (34) oinide with the Euler-Lagrange
equations derived from the positive denite Hamiltonian density (5). Moreover in
that ase, those equations also oinide with the Euler-Lagrange equations of the
redued two dimensional Hamiltonian obtained by subjeting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expeted due to the strit impo-
sition of symmetry. In the A
0
6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) whih is not positive denite. Nonetheless these equations
oinide with those arising from the redued two dimensional Lagrangian obtained
by subjeting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9℄.)
3.1 A
0
= 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for whih b = 0 (i.e. A
0
= 0).
As mentioned before, in that ase, equation (34) an be obtained by minimising the
Hamiltonian (30). Notie also that setting a = 0 is not ompatible with our boundary
onditions (A
i
would not be well dened at the origin). We thus expet our gauged
solution to arry a non-zero magneti eld.
To show this we have to solve equations (34) numerially for the non-vanishing
funtions f(r; z); g(r; z) and a(r; z).
We have restrited our numerial integrations to the ase where the vortex number
n appearing in the axially symmetri Ansatz (28) is equal to 1, i.e.our soliton arries
10
Now the volume integral (with the appropriate normalisation of 12
2
) of %
0
given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in %
0
and the volume integral is omputed
subjet to the boundary onditions given above, the result will equal the integer n
dened in (28). Thus, the Baryon number of the eld onguration (28) equals the
vortex number n. In what follows, we will restrit ourselves to unit Baryon number,
n = 1, i.e.to the Nuleons.
Before we proeed to substitute the Anstaz (28), (29) into the eld equations, we
alulate the Baryon urrent (11) for the eld ongurations (28), (29) desribed by
the solutions we seek. We express the spae-like part of this urrent j
i
in the radial
diretion owing out of the normal to the surfae of the ylinder whih we denote by
j
r
, and in the z diretion whih we denote by j
z
. The result is
j
r
=
6
r
[(
_
fg
z
  _gf
z
)a sin
2
f sin g (32)
+
1
2
( _ga
z
  _ag
z
) sin f os f sin g +
1
2
( _af
z
 
_
fa
z
) os g℄
j
z
=  
6
r
[(
_
fg
r
  _gf
r
)a sin
2
f sin g (33)
+
1
2
( _ga
r
  _ag
r
) sin f os f sin g +
1
2
( _af
r
 
_
fa
r
) os g℄ ;
where we have denoted
f
t
=
_
f et. Note that the Baryon urrent (32), (33) are not
sensitive to the harge of the Nuleon, i.e. that the funtion b(r; z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational priniple applied to the Lagrangian (4), in the stati limit.
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Figure 1: a) Energy and topologial bound of the gauged Skyrmion in units of 24
2
.
b) Ratio of the eletromagneti and the total energy as a funtion of 
0
.
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Figure 2: a) Energy density for the gauged Skyrmion in the (r; z) plane (
0
= 
1
=

2
= 1). b) Energy density level urve for the gauged Skyrmion (
0
= 
1
= 
2
= 1).
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and performing the dilation x! x, A

! 
 1
A

, we get
E(
0
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1
; 
2
) =
Z
d
3
x [
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℄: (24)
If we hoose  = (

2

1
)
1=2
then we have
E(
0
; 
1
; 
2
) = (
1

2
)
1=2
E(

0

2
; 1; 1) ; (25)
from whih we see that we an set 
1
= 
2
= 1 without any loss of generality. By
virtue of (21) and (25), we an nally state
E(
0
; 
1
; 
2
)  2(

1

2
1 +
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2
4
0
)
1=2
Z
d
3
x %: (26)
Notie that for the usual Skyrme model we have
E
sk
(
1
; 
2
) =
R
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3
%
0
:
(27)
We will use (27) to ompare the numerial solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topologial stability onsiderations disussed
in this Setion apply only to the solutions with no eletri eld, i.e.with A
0
= 0.
3 The soliton and the harged U(1) Skyrmion
To nd the stati solutions, we have to look for the largest symmetry group of the
funtional to be subjeted to the variational priniple, and look for solutions whih
are invariant under that symmetry group. For the solutions in the A
0
= 0 gauge
this is the stati Hamiltonian (21), while for the solutions in the A
0
6= 0 it is the
Lagrangian (4). For our hoie of gauge group the largest symmetry is the SO(2)
group orresponding to an axial rotation in spae-time and a gauge transformation
on the gauge eld. Dening the axial variables r =
q
x
2
1
+ x
2
2
and and z = x
3
in terms
of the oordinates x
i
= (x

; x
3
),  = 1; 2, the most general axially symmetri Ansatz
[15℄ for the elds 
a
= (

; 
A
) (with  = 1; 2 and A = 3; 4), and, A
i
= (A

; A
3
), is


= sin f sin g n

; 
3
= sin f os g ; 
4
= os f ; (28)
A

=
a(r; z)  n
r
"

^x

+

2
(r; z)
r
^x

A
3
=

1
(r; z)
r
; A
0
=
b(r; z)
r
; (29)
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Figure 4: a) Energy of the harged Skyrmion b) V
0
as a funtion of 
0
3.2 A
0
6= 0 : harged U(1) Skyrmion
We an now look for solutions with a non-zero eletri harge by requiring that the
eld b in our ansatz (29) does not vanish. To do this we follow the same proedure
as Julia and Zee [9℄ and require that the eletri eld be asymptotially of the form
A
0
= V
0
+ q=(r
2
+ z
2
)
1=2
where V
0
and q are two onstants. In pratie, one omputes
solutions for dierent values of V
0
and evaluates q by omputing the eletri ux. We
sought only those solutions, for whih the eletri ux equals 4 times the harge of
the eletron.
It is important to realise that in this ase, equations (34) are obtained after min-
imising the ation and thus they do not minimise the Hamiltonian (30).
In our units, the harge of the eletron is 0:303. In Figure 4 we show the energy
as a funtion of 
0
, as well as V
0
as a funtion of 
0
, so that q = 0:303.
One an see that, for a xed value of 
0
, the energy of the harged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when 
0
< 7 but it is always
larger than the energy of the unharged gauged Skyrmion. If the energies of the
eletrially harged and unharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron m
P
and m
N
, then on this purely lassial level
we would have to onlude that (m
P
 m
N
) > 0 whih is not orret. This is expeted
on the basis of its analogy with the dyon [9℄. Clearly, to alulate this mass dierene
orretly one would have to perform the olletive oordinate quantisation as in Ref.
[3℄, whih we do not do here.
The energy of the harged Skyrmion inreases with 
0
. It is unfortunately very
diÆult to arry out the numerial omputations aurately when 
0
is very large.
At this stage, it is worth saying a few words about the numerial methods we
14
The ux of 

i
vanishes, as an dedued by antiipating the nite energy onditions
to be stated later.
Note that the 3-volume integral of %
0
in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying %, (9), with the naught omponent j
0
of the Baryon urrent, j

is
dened by
j

= "

"
abd



a



b





d
+ 3 "



(A

"
AB

B



A
) (11)
= "

"
abd
D


a
D


b
D




d
 
3
2
"

F

("
AB

B
D


A
): (12)
The 4-divergene of (11) reeives a ontribution only from its rst term, whih
being loally a total divergene implies that the 3-volume integral of j
0
is a onserved
quantity. Alternatively we onsider the 4-divergene of (12),


j

= 6"

"

"
AB
D



D



D


A
D


B
(13)
whih is analogous to the orresponding quantity in the work of Goldstone and
Wilzek [6℄. This ontrasts with the expression for the total divergene of the topolog-
ial urrent in the work of d'Hoker and Farhi [7℄, where a dierent gauging presription
is used leading to that quantity being equal to the loal anomaly.
We now proeed to nd a model whose HamiltonianH
0
is bounded from below by
the topologial harge density dened by (9). We will then show that the Hamiltonian
(5) is given by H
0
plus ertain positive denite terms.
First of all, we reprodue the density %
G
, (7), in (9) by using the following in-
equality
(
3
D
i

a
  "
ijk
"
abd

2
2
D
j

b
D
k



d
)
2
 0 (14)
where the two onstants 
3
and 
2
have the dimensions of length. Expanding the
square, we get %
G
on the right hand side of

2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
%
G
: (15)
To reprodue the other term in (9),
3
2
"
ijk
F
ij
("
AB

B

k

A
), we use the following
inequality
(
2
0
F
ij
 
1
2

4
"
ijk
"
AB

B
D
k

A
)
2
 0 (16)
yielding

4
0
F
2
ij
+ 
2
4
1
4
("
AB

B
D
i

A
)
2
 
2
0

4
"
ijk
F
ij
("
AB

B
D
k

A
): (17)
With the speial hoie for the relative values of the onstants 3
3

2
2
= 
4

2
0
, the
sum of (13) and (15) yields the following

4
0
F
2
ij
+ 
2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
 2
3

2
2
%: (18)
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A
0
to 0, and impose the ondition that the eletri eld is assymptotialy like that
of the proton. This pertubation method would not make muh sense though as one
would expet the eletri eld to be quite large lose to the skyrmion.
The relevant energy funtional is (23), and the resulting equation arising from the
variation of the gauge eld A
i
is

0

j
F
ij
= j
i
(36)
j
i
=  "


1
2

1


D
i


+ 
2
h
(
j
j

j
2
)D
i


D
j


+ 2

D
[i


D
j℄

A
D
j

A
i
: (37)
We are onerned here with the ase where A
i
= 0 (37) and the hiral eld 
a
=
(

; 
3
; 
4
) in (37) desribes the Hedgehog. i.e.


= sinF (R) ^x

; 
3
= sinF (R) ^x
3
; 
4
= osF (R) ; (38)
where now ^x
a
= x
a
=R, with R =
p
r
2
+ z
2
. By virtue of equation (36) the urrent
(37), given by (38) and A
i
= 0, will now indue a (small) U(1) eld A
i
, with urvature
F
ij
= 
i
A
j
  
j
A
i
.
The shift in the energy of the Hedgehog due to the indued U(1) eld A
i
is
E =
Z
d
3
x (
0
F
ij
F
ij
+ 4A
i
j
i
) ; (39)
in whih j
i
= j
i
(0) is the urrent (37) for A
i
= 0. (Note that all quantities evaluated at
A
i
= 0 are denoted by Roman sript, e.g. j
i
= j
i
(0), as well as the indued onnetion
and urvature A
i
and F
ij
.) When equation (36) is satied for the indued U(1) eld,
E =  
0
Z
d
3
x F
ij
F
ij
(40)
= 2
Z
d
3
x A
i
j
i
; (41)
whih is, as expeted, a stritly negative quantity.
The urrent j
i
= (j

; j
3
) in (39) and (41) is given, for the Hedghog eld ongura-
tion (38), by
j

=
sin
2
F
R
 

1
2
+ 2
2
 
F
02
+
sin
2
F
R
2
!!
"

^x

(42)
j
3
= 0 : (43)
We now note that 
i
j
i
= 0, whih means that equation (36), for A
i
= 0, takes the
following form in terms of the indued U(1) onnetion A
i
= (A

; 0)

0
 A

=  j

: (44)
The solution is well known and an be expressed, using the obvious notation j

(x) =
j(R) "

^x

in terms of (42), as
A

(x) =  
1
4
0
"

Z
1
jx  x
0
j
j(R
0
) ^x

dx
0
; (45)
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where F

= 

A

  

A

and where the harge matrix of the quarks is expressed
as Q =
1
2
(
1
3
1 + 
3
). This diers from the ovariant derivative of Ref. [5℄ only in the
unimportant matter of the sign of i in (1), whih we have hosen for onsisteny of
the onvention used in Ref. [10℄.
In what follows it will be more onvenient [10℄ to parametrise the Skyrme eld as
an S
3
valued eld 
a
= (

; 
A
),  = 1; 2, A = 3; 4 subjet to the onstraint j
a
j
2
= 1.
The two elds U and  are related to eah other via the following expression
U = 
a

a
; U
 1
= U
y
= 
a
~
a
(2)
where 
a
= (i

; i
3
; 1) and ~
a
= ( i

; i
3
; 1), in terms of the Pauli matries
(
1
; 
2
; 
3
).
The gauge ovariant derivative now an be re-expressed as
D



= 



+ A

"



; D


A
= 


A
: (3)
where A

= eA

and F

= eF

.
The Lagrangian for the U(1) gauged Skyrme model an then be written as
L =  
0
F
2

+ 
1
jD


a
j
2
  
2
jD
[

a
D
℄

b
j
2
(4)
where the square brakets on the indies imply (total) antisymmetrisation and where

 1
0
= 4e
2
, 
1
= F
2

=8 and 
 1
2
= 8a
2
. The late Greek indies  label the Minkowskian
oordinates, while the early Greek indies  = 1; 2 and the upper ase Latin indies
A = 3; 4 label the elds 
a
= (

; 
A
).
The stati Hamiltonian pertaining to the Lagrangian (4) is
H = 
0
F
2
ij
+ 
1
jD
i

a
j
2
+ 
2
jD
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D
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b
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2
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2
+ A
2
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+ 16
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2
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2
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1
4
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i
(j
A
j
2
)j
2
℄g;
(5)
where the indies i = ; 3 label the spae-like oordinates.
To nd the stati solutions of the model, one would usualy solve the Euler La-
grange equations whih minimise the Hamiltonian (5), but beause of the eletri
potential A
0
, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for stati solutions, but, as for the Julia-Zee dyon [9℄, we
have to impose the proper asymptoti behaviour for the eletri potential to obtain
stati solutions whih are eletrially harged (in the lassial sense, i.e. solutions
where the ux of the eletri eld is non zero).
When the full equations of motion are written down, one nds as expeted that
there are stati solutions for whih A
0
= 0, i.e. solutions for whih the eletri eld is
identially zero. For these solutions in the temporal gauge, the equations of motion
redue to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon harge of the U(1) gauged Skyrme model with and whithout
an eletri eld, for various values of the U(1) oupling onstant (or equivalently the
3
5 Summary and disussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
nite energy stati solutions, eletrially unharged and harged respetively. Both
of these solutions are axially symmetri and arry no magneti harge but support a
magneti eld shaped like a torus entred around the axis of symmetry, albeit resulting
in zero magneti ux. The unharged solutions, like the ungauged Skyrmion, have a
topologial lower bound. The eletrially harged solutions are the analogues of the
Julia-Zee dyons [9℄ of the Georgi-Glashow model.
Conerning the stability of the eletrially neutral solution, whih is expeted to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
eort to test it. We expet however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branhes for all values of the parameters in the
model. This expetation is based on our knowledge of the orresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21℄, in whih ase the
equations arising from the imposition of spherial symmetry were one dimensional,
and hene tehnially muh more amenable to the numerial integration. In that
ase it was found that in addition to stable branhes of solutions, there were also
some unstable branhes bifurating from the former, the important matter being
that there were indeed stable branhes of solutions, haraterised by the (ranges of
the) parameters of the model. It would be very interesting to arry out the analysis
orresponding to that of [20, 21℄, for the onsiderably more omplex ase of the axially
symmetri equations at hand. This however is tehnially beyond the sope of the
present work.
The energies of the gauged unharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge oupling 1=
1=2
0
goes to 0, the unharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the eletrially harged Skyrmion is higher than the unharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physial result of the present work is that when
parameters in the model are tted to reprodue physial quantities, it turns out that
the eet of the Maxwell term in the Skyrme Lagrangian is very small. This is beause
for the physial value of the onstant 
0
= 1138, the energy of the gauged unharged
Skyrmion diers little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion eld itself is thus nearly radially symmetri (though the gauge
eld is not).
Having found that the inuene of the eletromagneti eld on the Skyrmion
is small, we were pointed in the diretion of treating the magneti potential as an
indued eld perturbatively around the (ungauged) Hedgehog. We have been able
thus, to ompute the lassial magneti moment of the (unharged) Skyrmion of unit
Baryon harge, namely of the Neutron. The result is that the lassial magneti
moment of the Skyrmion mathes surprisingly well to the experimental values of the
magneti moments of the Nuleons.
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1 Introdution
For a long time now, muh attention has been paid to the Skyrme [1℄ model in 3
dimensions. It is believed to be an eetive theory for nuleons in the large N limit
of QCD at low energies. The lassial properties as well as the quantum properties
of the model are in relatively good agreement with the observed properties of small
nulei [2, 3, 4℄.
Gauged Skyrme models have been used in the past. The U(1) gauged model [2, 5℄
was used to study the deay of nuleons in the viinity of a monopole [5℄, while the
SU(2)
L
gauged model [7℄ was used to study the deay of nuleons when the Skyrme
model is oupled to the weak interations [7℄. The Skyrme model has also been used
to ompute the quantum properties of the Skyrmion [3℄ where the gauge degrees of
freedom are quantised to ompute the low energy eigenstates of a Skyrmion. These
states were identied as the proton, the neutron and the delta.
The aim of this work is to show that the Skyrme model an be oupled to a self
ontained eletromagneti eld and that this U(1) gauged model has stable lassial
solutions. In addition to these solitons with vanishing magneti and eletri ux, we
show that this system supports solutions with nonvanishing eletri ux whih are
analogous to the dyon solutions of the Georgi-Glashow model, just as the unharged
solitons are the analogues of the monoploles [8℄ of that model. The eletrially harged
lumps have larger energy, or mass, than the unharged soliton, just like the Julia-Zee
dyon [9℄ has larger energy, or is heavier, than the (eletrially unharged) monopole.
We shall refer to these lumps as harged U(1) Skyrmions.
In addition to its intrinsi interest as a soliton in the Maxwell gauged Skyrme
model, the present work is also an example of a soliton in a d-dimensional SO(N)
gauged S
d
model with N < d for the ase d = 3; N = 2 , extending the results of
Ref. [10℄ whih were restrited to the N = d ases. (The work of Ref. [10℄ onsists
of establishing topologial lower bounds for the generi ase, enompassing earlier
examples in two [11℄ and three [12, 13℄ dimensions respetively.) The gauging pre-
sription used here by us oinides preisely with that used in Ref. [5℄ and permits
the establishing of a topologial lower bound whih did not feature in Ref. [5℄ and
whih is arried out here to establish the stability of the soliton. Suh lower bounds
are absent in the other presription of gauging the Skyrme model as in Refs. [7℄.
(Notie that we name the sigma models after the manifold in whih the elds take
their values rather than using the name of the symmetry group for the model. Thus
what is sometime alled the O(d+1) model in the literature will be refered to as the
S
d
model.)
The U(1) gauged SU(2) Skyrme model is desribed by the Lagrangian [5℄
L =
F
2

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where the U(1) gauge ovariant derivative is
D

U = 

U + ieA

[Q;U ℄ ; (1)
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A0
to 0, and impose the ondition that the eletri eld is assymptotialy like that
of the proton. This pertubation method would not make muh sense though as one
would expet the eletri eld to be quite large lose to the skyrmion.
The relevant energy funtional is (23), and the resulting equation arising from the
variation of the gauge eld A
i
is

0

j
F
ij
= j
i
(36)
j
i
=  "


1
2

1


D
i


+ 
2
h
(
j
j

j
2
)D
i


D
j


+ 2

D
[i


D
j℄

A
D
j

A
i
: (37)
We are onerned here with the ase where A
i
= 0 (37) and the hiral eld 
a
=
(

; 
3
; 
4
) in (37) desribes the Hedgehog. i.e.


= sinF (R) ^x

; 
3
= sinF (R) ^x
3
; 
4
= osF (R) ; (38)
where now ^x
a
= x
a
=R, with R =
p
r
2
+ z
2
. By virtue of equation (36) the urrent
(37), given by (38) and A
i
= 0, will now indue a (small) U(1) eld A
i
, with urvature
F
ij
= 
i
A
j
  
j
A
i
.
The shift in the energy of the Hedgehog due to the indued U(1) eld A
i
is
E =
Z
d
3
x (
0
F
ij
F
ij
+ 4A
i
j
i
) ; (39)
in whih j
i
= j
i
(0) is the urrent (37) for A
i
= 0. (Note that all quantities evaluated at
A
i
= 0 are denoted by Roman sript, e.g. j
i
= j
i
(0), as well as the indued onnetion
and urvature A
i
and F
ij
.) When equation (36) is satied for the indued U(1) eld,
E =  
0
Z
d
3
x F
ij
F
ij
(40)
= 2
Z
d
3
x A
i
j
i
; (41)
whih is, as expeted, a stritly negative quantity.
The urrent j
i
= (j

; j
3
) in (39) and (41) is given, for the Hedghog eld ongura-
tion (38), by
j

=
sin
2
F
R
 

1
2
+ 2
2
 
F
02
+
sin
2
F
R
2
!!
"

^x

(42)
j
3
= 0 : (43)
We now note that 
i
j
i
= 0, whih means that equation (36), for A
i
= 0, takes the
following form in terms of the indued U(1) onnetion A
i
= (A

; 0)

0
 A

=  j

: (44)
The solution is well known and an be expressed, using the obvious notation j

(x) =
j(R) "

^x

in terms of (42), as
A

(x) =  
1
4
0
"

Z
1
jx  x
0
j
j(R
0
) ^x

dx
0
; (45)
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The ux of 

i
vanishes, as an dedued by antiipating the nite energy onditions
to be stated later.
Note that the 3-volume integral of %
0
in (8) is the degree of the map for the
ungauged system namely the Baryon number.
Identifying %, (9), with the naught omponent j
0
of the Baryon urrent, j

is
dened by
j

= "

"
abd



a



b





d
+ 3 "



(A

"
AB

B



A
) (11)
= "

"
abd
D


a
D


b
D




d
 
3
2
"

F

("
AB

B
D


A
): (12)
The 4-divergene of (11) reeives a ontribution only from its rst term, whih
being loally a total divergene implies that the 3-volume integral of j
0
is a onserved
quantity. Alternatively we onsider the 4-divergene of (12),


j

= 6"

"

"
AB
D



D



D


A
D


B
(13)
whih is analogous to the orresponding quantity in the work of Goldstone and
Wilzek [6℄. This ontrasts with the expression for the total divergene of the topolog-
ial urrent in the work of d'Hoker and Farhi [7℄, where a dierent gauging presription
is used leading to that quantity being equal to the loal anomaly.
We now proeed to nd a model whose HamiltonianH
0
is bounded from below by
the topologial harge density dened by (9). We will then show that the Hamiltonian
(5) is given by H
0
plus ertain positive denite terms.
First of all, we reprodue the density %
G
, (7), in (9) by using the following in-
equality
(
3
D
i

a
  "
ijk
"
abd

2
2
D
j

b
D
k



d
)
2
 0 (14)
where the two onstants 
3
and 
2
have the dimensions of length. Expanding the
square, we get %
G
on the right hand side of

2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
%
G
: (15)
To reprodue the other term in (9),
3
2
"
ijk
F
ij
("
AB

B

k

A
), we use the following
inequality
(
2
0
F
ij
 
1
2

4
"
ijk
"
AB

B
D
k

A
)
2
 0 (16)
yielding

4
0
F
2
ij
+ 
2
4
1
4
("
AB

B
D
i

A
)
2
 
2
0

4
"
ijk
F
ij
("
AB

B
D
k

A
): (17)
With the speial hoie for the relative values of the onstants 3
3

2
2
= 
4

2
0
, the
sum of (13) and (15) yields the following

4
0
F
2
ij
+ 
2
3
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
 2
3

2
2
%: (18)
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The right hand side of (18) is now proportional to the topologial harge density
% dened by (9) so that the inequality (18) an be interpreted as the topologial
inequality giving the lower bound on the energy density funtional if we dene the
latter to be the left hand side of (18), namely
H
0
= 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
+
9
2
3

4
2
4
4
0
("
AB

B
D
i

A
)
2
: (19)
The Hamiltonian system (19) is almost the Hamiltonian of the gauged Skyrme
model (5) (remember that A
0
= 0). It diers from the latter only in its last term.
Now we an use the identity
("
AB

B
D
i

A
)
2
= (D
i

a
)
2
 

1
2
(
[
D
i

℄
)
2
+ (
[
D
i

A℄
)
2

(20)
and add the positive denite term

2
3

4
2
9
4
0

1
2
(
[
D
i

℄
)
2
+(
[
D
i

A℄
)
2

appearing on the
right hand side of (20) to H
0
in (19) to end up with the Hamiltonian for the U(1)
gauged Skyrme model:
H = 
4
0
F
2
ij
+ 
2
1
(D
i

a
)
2
+ 
4
2
(D
[i

a
D
j℄

b
)
2
 2
3

2
2
% (21)
whih is nothing but the stati Hamiltonian (5) in the temporal gauge A
0
= 0, and
where

1
= 
2
3
(1 +
9
4
2
4
4
0
); 
0
= 
4
0
; 
2
= 
4
2
: (22)
By virtue of (18), (21) is also bounded from below by 2
3

2
2
%, namely by a number
proportional to the topologial harge density %.
We thus see that H
0
an be onsidered as a minimal (U(1) gauged) model, but
from now on, we will restrit our attention to the physially more relevant model (21)
and integrate it numerially to nd its topologially stable nite energy solitons.
The soliton solutions to the system (21) an only be found by solving the seond-
order Euler-Lagrange equations, and not some rst-order Bogomol'nyi equations sine
saturating the inequalities (14) and (16) would not saturate the lower bound on the
energy density funtional H. In this ontext we note that saturating (14) and (16)
does indeed saturate the topologial lower bound on the funtional H
0
by virtue of
the inequality (18), and should it have turned out that the Bogomol'nyi equations
arising from the saturation of (14) and (16) supported non-trivial solutions, then H
0
would have been a very interesting system to onsider. As it turns out however, these
Bogomol'nyi equations have only trivial solutions in exatly the same way as in the
ase of the (ungauged) Skyrme model [1℄.
The energy for the stati onguration, when the eletri eld vanishes, is ex-
pressed as
E(
0
; 
1
; 
2
) =
Z
d
3
x [
0
F
2
ij
+ 
1
(D
i

a
)
2
+ 
2
(D
[i

a
D
j℄

b
)
2
℄ (23)
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have used. To ompute the stati solutions, we have employed a relaxation method
using nite dierenes on a regular grid (dr = dz). This disretisation method is
similar to the one employed in the numerial omputation of the solutions of Skyrme
models in 2+1 and 3+1 dimensions [16, 17, 18℄. To ompute the eletrially harged
solutions, we have imposed the boundary ondition b(1;1) = V
0
for dierent V
0
and using a dihotomi method, we have determined the values that give a solution
with the same eletri ux as the proton. Most of the simulations where done on
200400 or 300600 grids. By omputing the same solution for various lattie sizes,
we have empirially obtained the following relation for the expression of the energy
of a solution : E = E
0
+ Kdr
2
where E
0
is the exat solution, dr = dz the lattie
spaing and K is a onstant whih depends on 
0
but takes values between 1 and
0:5. We see thus that the energies we have obtained are aurate to within one or one
half of a perent. This inauray in the value of the energy is omparable to that
of many other similar works on 2 dimensional systems [17, 18℄, and though it might
look large, it does not aet any of the onlusions we have drawn.
4 Perturbation around the Hedgehog
We have seen from the work of 3.1 above that the energy of the U(1) gauged Skyrmion
for the physial values of the parameters, namely of the pion deay onstant and the
U(1) oupling, does not dier signiantly from that of the ungauged Hedgehog. It
is therefore justied, for these values of the parameters, to treat the U(1) eld as a
perturbation to the Hedgehog in the same way as Klinhamer and Manton [14℄ treat
the U(1) eld as a pertubation to the SU(2) sphaleron. We will then be able to
ompute the magneti moment of the Neutron, as well as the (small) deviation of its
mass from that of the Hedgehog.
The equations for the elds (
a
; A

) are derived from the Lagrangian (1). The
equation for A

will be of the form

0


F

= j

: (35)
The method onsists of setting the gauge eld A

to zero in the urrent j

in (35) (and
in the equation for 
a
) and alulating the resulting indued eletromagneti eld A

.
The gauge eld omputed this way an then be interpeted as the U(1) eld generated
by the (ungauged) Hedgehog Skyrme eld. With this perturbative proedure, it is
possible to alulate the indued stati magneti potential A
i
(i = 1; 2; 3), but not the
stati eletri potential A
0
, whih in this sheme vanishes and an only be alulated
non-perturbatively. The reason simply is that restriting to the use of the stati
Hedgehog, the zeroth omponent of the urrent j
0
at A

= 0 vanishes, resulting in
turn in vanishing indued potential A
0
aording to (35).
As a onsequene the eletri eld will be identialy zero, whih implies that we
an derive the equation from the stati Hamiltonian rather than from the Lagrangian.
Notie also that we ould try to ompute perturbatively a solution for the eletrially
harges skyrmion by keeping in j
0
the terms proportional to A
0
, instead of setting
15
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Figure 1: a) Energy and topologial bound of the gauged Skyrmion in units of 24
2
.
b) Ratio of the eletromagneti and the total energy as a funtion of 
0
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Figure 2: a) Energy density for the gauged Skyrmion in the (r; z) plane (
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= 1). b) Energy density level urve for the gauged Skyrmion (
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= 
1
= 
2
= 1).
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Now the volume integral (with the appropriate normalisation of 12
2
) of %
0
given
by (6) is the degree of the map, or, the Baryon number. It is straightforward to verify
that when the Ansatz (28) is substituted in %
0
and the volume integral is omputed
subjet to the boundary onditions given above, the result will equal the integer n
dened in (28). Thus, the Baryon number of the eld onguration (28) equals the
vortex number n. In what follows, we will restrit ourselves to unit Baryon number,
n = 1, i.e.to the Nuleons.
Before we proeed to substitute the Anstaz (28), (29) into the eld equations, we
alulate the Baryon urrent (11) for the eld ongurations (28), (29) desribed by
the solutions we seek. We express the spae-like part of this urrent j
i
in the radial
diretion owing out of the normal to the surfae of the ylinder whih we denote by
j
r
, and in the z diretion whih we denote by j
z
. The result is
j
r
=
6
r
[(
_
fg
z
  _gf
z
)a sin
2
f sin g (32)
+
1
2
( _ga
z
  _ag
z
) sin f os f sin g +
1
2
( _af
z
 
_
fa
z
) os g℄
j
z
=  
6
r
[(
_
fg
r
  _gf
r
)a sin
2
f sin g (33)
+
1
2
( _ga
r
  _ag
r
) sin f os f sin g +
1
2
( _af
r
 
_
fa
r
) os g℄ ;
where we have denoted
f
t
=
_
f et. Note that the Baryon urrent (32), (33) are not
sensitive to the harge of the Nuleon, i.e. that the funtion b(r; z) does not feature
in them.
We now turn to the equations to be solved, namely the Euler-Lagrange equations
arising from the variational priniple applied to the Lagrangian (4), in the stati limit.
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Substituting the ansatz (28) (29) into these equations of motion leads to
a
rr
 
a
r
r
  a
zz
  a sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
b
rr
 
b
r
r
+
b
r
2
+ b
zz
  b sin
2
(f) sin
2
(g)
h

1
2
0
+
2
2

0
[f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
(f)℄
i
= 0
f  (g
2
r
+ g
2
z
+
a
2
 b
2
r
2
sin
2
g) sin f os f+
+4

2

1
sin f
h
(g
r
(f
zz
g
r
  f
r
g
zz
+ f
z
g
rz
  f
rz
g
z
  f
z
=rg
z
)
+g
z
(f
rr
g
z
  f
z
g
rr
+ f
r
g
rz
  f
rz
g
r
+ f
r
=rg
z
))sin f + (f
r
g
z
  g
r
f
z
)
2
os f
+sin g=r
2

(a
2
  b
2
)(f
2
r
+ f
2
z
  2(g
2
r
+ g
2
z
) sin
2
f) os f sin g
+((a
2
  b
2
)(f
rr
+ f
zz
  f
r
=r) + 2f
r
(aa
r
  bb
r
) + 2f
z
(aa
z
  bb
z
)) sin f sin g
+2(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) sin f os g
i
= 0:
g +2(f
r
g
r
+ f
z
g
z
) ot f  
a
2
 b
2
r
2
sin g os g+
+4

2

1
h
f
z
(f
z
g
rr
  f
rr
g
z
+ f
rz
g
r
  f
r
g
rz
+ f
z
g
r
=r)
+f
r
(f
r
g
zz
  f
zz
g
r
+ f
rz
g
z
  f
z
g
rz
  f
z
g
z
=r)
+ sin g=r
2

(a
2
  b
2
)((g
2
r
+ g
2
z
) sin
2
f   f
2
r
  f
2
z
) os g
((a
2
  b
2
)(g
rr
+ g
zz
  g
r
=r) + 2g
r
(aa
r
  bb
r
) + 2g
z
(aa
z
  bb
z
)) sin
2
f sin g
+4(a
2
  b
2
)(f
r
g
r
+ f
z
g
z
) os f sin f sin g
i
= 0:
(34)
In the ase of the A
0
= 0 gauge, equations (34) oinide with the Euler-Lagrange
equations derived from the positive denite Hamiltonian density (5). Moreover in
that ase, those equations also oinide with the Euler-Lagrange equations of the
redued two dimensional Hamiltonian obtained by subjeting (5) to axial symmetry
by substituting the Ansatz (28)-(29) into it. This is expeted due to the strit impo-
sition of symmetry. In the A
0
6= 0 gauge, the Euler-Lagrange equations are derived
from the Lagrangian (4) whih is not positive denite. Nonetheless these equations
oinide with those arising from the redued two dimensional Lagrangian obtained
by subjeting the Lagrangian (4) to axial symmetry. (This happens also for the Julia
Zee dyon [9℄.)
3.1 A
0
= 0 : U(1) Skyrme soliton
It is easy to see from (34) that there are solutions for whih b = 0 (i.e. A
0
= 0).
As mentioned before, in that ase, equation (34) an be obtained by minimising the
Hamiltonian (30). Notie also that setting a = 0 is not ompatible with our boundary
onditions (A
i
would not be well dened at the origin). We thus expet our gauged
solution to arry a non-zero magneti eld.
To show this we have to solve equations (34) numerially for the non-vanishing
funtions f(r; z); g(r; z) and a(r; z).
We have restrited our numerial integrations to the ase where the vortex number
n appearing in the axially symmetri Ansatz (28) is equal to 1, i.e.our soliton arries
10
unit Baryon number.
Using (30), we have found numerially that E(1; 1; 1) = 24
2
1:01 whereas for
those values of 
0
; 
1
; 
2
the lower bound for the energy given by (26) is 24
2
0:555.
In Figure 1, we present the total energy for the gauged Skyrmion as a funtion of

0
, together with the lower bound given by (26). Note that the asymptoti value
of E(
0
; 1; 1) is 24
2
1:232 as 
0
! 1. As a omparison, the energy (27) for the
ungauged Skyrmion is E
sk
(1; 1) = 24
2
1:232 with a lower bound set at 24
2
. We see
that E(
0
= 1; 1; 1) = E
sk
(1; 1) whih means that as 
0
! 1, the gauge oupling
1=
1=2
0
goes to zero and the gauged Skyrmion beomes in this limit the ungauged
Skyrmion.
It is interesting to note that the energy of gauged Skyrmion is smaller than the
energy of the ungauged Skyrmion, as expeted, but that on the other hand, the
amount by whih the energy of the gauged Skyrmion exeeds its topologial lower
bound is larger than the exess of the energy of the ungauged Skyrmion above its
respetive topologial lower bound. For example we an learly see from Figure 1.a
that at 
0
= 20, the energy of the gauged Skyrmion 1:22 (in units of 24
2
) exeeds
the lower bound 0:95 by 0:27. This is larger than 0:232, the exess of the ungauged
Skyrmion energy over its lower bound. For smaller values of 
0
Figure 1.a shows that
the exess of the energy of the gauged Skyrmion over its lower bound is even larger,
hene this is a general feature.
In Figure 1.b, we also see that the Maxwell Energy, i.e.the term proportional to 
0
in (30), is dereasing as 
0
inreases. Notie that we ould have used for the Maxwell
Energy the sum of all the terms involving the gauge eld funtions a and b in (30),
but this would lead to a gure similar to Figure 1.b.
In Figure 2, we show the prole and the level urve for the energy density of the
Skyrmion in the r; z plane for 
0
= 1. One sees learly that the eet of the gauged
eld is to make the Skyrmion elongated along the z axis. The magneti eld vetors
of the Skyrmion are parallel to the r; z plane. In Figure 3, we show the onguration
of magneti eld using arrows to represent the magneti eld vetor at eah point on
the grid. Notie that there is a vortex around the point r = 2; z = 0. The magneti
eld is thus generated by a urrent owing on a ring entred around the z axis.
In terms of the usual physial onstants[3℄, we have 
 1
0
= 4e
2
, 
1
= F
2

=8 and

 1
2
= 8a
2
where we use a instead of the traditional e for the Skyrme oeÆient to
avoid onfusion with the eletri harge.
In our units,  = h = 1, we have e = (4)
1=2
where  = 1=137 is the ne
struture onstant. Choosing F

= 186MeV , we an nd the value for a by requiring
that the energy of the neutron M
n
= 939MeV mathes the energy of the Skyrmion:
M
n
=
F

8a
E(
2a
2
e
2
; 1; 1):
In Figure 1.a, we an read the value of E(
0
; 1; 1) (given in units of 24
2
MeV ) with

0
= 2a
2
=e
2
. We now have to nd the value of 
0
for whih 24
2
E(
0
; 1; 1) =
2(2
0
)
1=2
eM
n
=F

. The intersetion between the urve
eM
n
6
2
F

(2
0
)
1=2
and the urve
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with n

= (sinn; osn) in terms of the azimuthal angle  and ^x

= x

=r. n in n

is the vortiity, whih for the Nuleons of interest to us here, equals one, n = 1. The
funtions a; b; 
1
; 
2
; f and g both depend on r and z.
Our Ansatz (29) for the U(1) eld onsists of deomposing the latter in the most
general tensor basis possible. We will nd out below, when we ompute the Euler{
Lagrange equations, that the funtions 
1
and 
2
vanish identially. Antiipating this,
we suppress them heneforth. In its nal form this Ansatz agrees with that used in
Ref. [15℄, the latter being arrived at by speialising the Rebbi{Rossi Ansatz for the
axially symmetri SO(3) eld.
The stati Hamiltonian, i.e.the T
00
omponent of the energy mometum tensor T

,
is then given by
H =
R


0
r
2

a
2
r
+ a
2
z
+ (b
r
 
b
r
)
2
+ b
2
z

+

1
2

f
2
r
+ f
2
z
+ sin
2
f(g
2
r
+ g
2
z
) +
a
2
+b
2
r
2
sin
2
f sin
2
g

+2
2
sin
2
f

(f
r
g
z
  f
z
g
r
)
2
+ sin
2
g[
a
2
+b
2
r
2
(f
2
r
+ f
2
z
+ (g
2
r
+ g
2
z
) sin
2
f)℄

rdrdz:
(30)
The boundary onditions for the Skyrmion elds are the same as the boundary
onditions for the hedgehog ansatz when expressed in the ylindrial oordinates
where g = =2 + artan(z=r) and dening R = (z
2
+ r
2
)
1=2
, f  f(R) with f(0) = 
and lim
R!1
f(R) = 0. From this we an dedue that the funtion f has a xed value
at the origin and at innity. For smothness along the z axis, eah eld, that is f , g and
A

must satisfy the ondition that the partial derivative with respet to of the eld at
r = 0 vanishes. The boundary onditions and the asymptoti behaviours for a and b
are hosen so that the gauge elds A

are well dened and A
0
looks asymptotialy like
a oulomb eld (i.e. with an eletri harge but no magneti harge). We also require
that the total energy be nite. These onditions leads to the following onstraints:
f(0; 0) =  f(r !1; z !1) = 0 f
r
(r = 0; z) = 0
g(r = 0; z < 0) = 0 g(r = 0; z > 0) =  g
R
j
R!1
= 0
a(r = 0; z) = 1 a
r
j
1
= 0 a
z
j
1
= 0
a
r
(r = 0; z) = 0 A
0
(r !1; z !1) = V
0
+ q=r A
0
(r = 0; z) = 0
(31)
where R = (z
2
+ r
2
)
1=2
and where we have used the notation
a
r
= a
r
et. Note
that the eld g is undened at the origin and the resulting disontinuity of g at that
point is an artefat of the oordinate system used. The asymptoti behaviour of A
0
at innity will be disussed in a later Setion. To solve the equations numerially, it
is more onveniant to use the eld A
0
rather than b; this is why we have expressed
the boundary ondition in terms of that eld. On the other hand, the equations take
a simpler form when written in term of b, so we shall still use it below.
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Figure 3: Magneti Field of the gauged Skyrmion (
0
= 
1
= 
2
= 1).
E(
0
; 1; 1) in Figure 1.a is loated in the region where the energy is virtually equal to
the asymptoti value E(
0
; 1; 1) = 1:232. This means that a  3
2
1:232F

=M
n
 7:2
and that 
0
 1138. We an thus onlude that the eetive impat of the Maxwell
term we have added to the Skyrme model is relatively small.
This justies the proedure used in [5℄ where the Skyrmion was oupled with
an external magneti eld of a magneti monopole. Indeed, as the Maxwell eld
generated by a Skyrmion is very small (for the parameters tting the atual mass of
the nuleons) the external eld is muh larger than the Skyrmion's magneti eld.
It would be interesting to nd the dierenes between the eletromagneti quan-
tities obtained from the ungauged model, as in [3℄, and our U(1) gauged model. We
are not able to ompute the solutions of the U(1) gauged model for the physial value
of the parameter 
0
as this is too large, but as we now know that the inuene of
the gauge eld is very small, we an ompute the latter perturbatively around the
(ungauged) Hedgehog as an indued eld. This enables the evalution of the energy
orretion and the indued magneti moment. This perturbative analysis will be be
arried out in the Setion 4.
It an also be onluded that if the U(1) gauged Skyrme model were quantised as
in [3℄ (by quantising the zero modes orresponding to the global gauge transforma-
tion) but taking into aount the eletromagneti eld generated lassially by the
Skyrmion, the result would not dier very markedly from what was obtained in [3℄.
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3.2 A
0
6= 0 : harged U(1) Skyrmion
We an now look for solutions with a non-zero eletri harge by requiring that the
eld b in our ansatz (29) does not vanish. To do this we follow the same proedure
as Julia and Zee [9℄ and require that the eletri eld be asymptotially of the form
A
0
= V
0
+ q=(r
2
+ z
2
)
1=2
where V
0
and q are two onstants. In pratie, one omputes
solutions for dierent values of V
0
and evaluates q by omputing the eletri ux. We
sought only those solutions, for whih the eletri ux equals 4 times the harge of
the eletron.
It is important to realise that in this ase, equations (34) are obtained after min-
imising the ation and thus they do not minimise the Hamiltonian (30).
In our units, the harge of the eletron is 0:303. In Figure 4 we show the energy
as a funtion of 
0
, as well as V
0
as a funtion of 
0
, so that q = 0:303.
One an see that, for a xed value of 
0
, the energy of the harged gauged Skyrmion
is smaller than the energy of the ungauged Skyrmion when 
0
< 7 but it is always
larger than the energy of the unharged gauged Skyrmion. If the energies of the
eletrially harged and unharged gauged Skyrmions were interpreted as the the
masses of the Proton and the Neutron m
P
and m
N
, then on this purely lassial level
we would have to onlude that (m
P
 m
N
) > 0 whih is not orret. This is expeted
on the basis of its analogy with the dyon [9℄. Clearly, to alulate this mass dierene
orretly one would have to perform the olletive oordinate quantisation as in Ref.
[3℄, whih we do not do here.
The energy of the harged Skyrmion inreases with 
0
. It is unfortunately very
diÆult to arry out the numerial omputations aurately when 
0
is very large.
At this stage, it is worth saying a few words about the numerial methods we
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and performing the dilation x! x, A

! 
 1
A

, we get
E(
0
; 
1
; 
2
) =
Z
d
3
x [

0

F
2
ij
+ 
1
(D
i

a
)
2
+

2

(D
[i

a
D
j℄

b
)
2
℄: (24)
If we hoose  = (

2

1
)
1=2
then we have
E(
0
; 
1
; 
2
) = (
1

2
)
1=2
E(

0

2
; 1; 1) ; (25)
from whih we see that we an set 
1
= 
2
= 1 without any loss of generality. By
virtue of (21) and (25), we an nally state
E(
0
; 
1
; 
2
)  2(

1

2
1 +
9
2
4
0
)
1=2
Z
d
3
x %: (26)
Notie that for the usual Skyrme model we have
E
sk
(
1
; 
2
) =
R
dx
3
[
1
(
i

a
)
2
+ 
2
(
[i

a

j℄

b
)
2
℄
= (
1

2
)
1=2
E
sk
(1; 1)
 2(
1

2
)
1=2
R
dx
3
%
0
:
(27)
We will use (27) to ompare the numerial solutions of the gauged Skyrme model
with the solutions of the (ungauged) Skyrme model.
We would like to point out that the topologial stability onsiderations disussed
in this Setion apply only to the solutions with no eletri eld, i.e.with A
0
= 0.
3 The soliton and the harged U(1) Skyrmion
To nd the stati solutions, we have to look for the largest symmetry group of the
funtional to be subjeted to the variational priniple, and look for solutions whih
are invariant under that symmetry group. For the solutions in the A
0
= 0 gauge
this is the stati Hamiltonian (21), while for the solutions in the A
0
6= 0 it is the
Lagrangian (4). For our hoie of gauge group the largest symmetry is the SO(2)
group orresponding to an axial rotation in spae-time and a gauge transformation
on the gauge eld. Dening the axial variables r =
q
x
2
1
+ x
2
2
and and z = x
3
in terms
of the oordinates x
i
= (x

; x
3
),  = 1; 2, the most general axially symmetri Ansatz
[15℄ for the elds 
a
= (

; 
A
) (with  = 1; 2 and A = 3; 4), and, A
i
= (A

; A
3
), is


= sin f sin g n

; 
3
= sin f os g ; 
4
= os f ; (28)
A

=
a(r; z)  n
r
"

^x

+

2
(r; z)
r
^x

A
3
=

1
(r; z)
r
; A
0
=
b(r; z)
r
; (29)
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Skyrme oupling). For physial values of these parameters in the model, we nd that
the energy (mass) of the gauged Skyrmion does not dier signiantly from that of
the ungauged harged-1 Skyrmion, namely the familiar hedgehog [1℄. This implies
that for these values of the physial parameters, the U(1) gauged Skyrmion an be
regarded as a perturbation of the (ungauged) hedgehog, enabling the omputation
of the magneti moments of the gauged Skyrmion (i.e. the Neutron) and the shift
of the energy of the gauged Skyrmion away from the energy of the hedgehog [1℄,
perturbatively using the method employed by Klinkhamer and Manton [14℄ for the
sphaleron of the Weinberg{Salam model.
In Setion 2, we dene the topologial harge and establish the orresponding
lower bound on the energy funtional. In Setion 3 we present the solutions whih
have no eletri elds in the rst subsetion and eletrially harged solutions in
the seond subsetion. The perturbation analysis of the gauged Skyrmion around
the (ungauged) hedgehog is arried out in Setion 4, and Setion 5 is devoted to a
disussion of our results.
2 The topologial harge and lower bound
The denition of the topologial harge is based on the riterion that it be equal to the
Baryon number, namely the degree of the map. For the gauged theory however, this
quantity must be gauge invariant as well. This requirement an be systematially [10℄
satised by arranging the gauge invariant topologial harge density to be the sum
of the usual, gauge variant winding number density
%
0
= "
ijk
"
abd

i

a

j

b

k



d
; (6)
plus a total divergene whose surfae integral vanishes due to the nite energy ondi-
tions, suh that the ombined density is gauge invariant. In 3 dimensions, this is given
expliitly in Refs. [10, 13℄ for the SO(3) gauged S
3
model, and for the present ase of
interest, namely the SO(2) gauged S
3
model, the harge density an be derived from
that of the SO(3) gauged model by ontration of the gauge group SO(3) down to
SO(2). It an also be arrived at diretly. To state the denition of the harge, we
denote the gauge ovariant ounterpart of (6) by
%
G
= "
ijk
"
abd
D
i

a
D
j

b
D
k



d
; (7)
so that using the notations (6) and (7) we have the denition of the gauge invariant
topologial harge
% = %
0
+ 
i


i
; (8)
= %
G
+
3
2
"
ijk
F
ij
("
AB

B
D
k

A
) : (9)
In (8) the density 

i
is the following gauge variant form


i
= 3"
ijk
"
AB
A
j

k

A

B
: (10)
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with [19℄
1
jx  x
0
j
=
1
X
`=0
`
X
m= `
4
2`+ 1
R
`
<
R
`+1
>

Y
(`)
m
(
0
; 
0
) Y
(`)
m
(; ) :
After performing the angular integrations we have
A

(x) =  I(R) "

^x

; (46)
with I
(`)
(R) given by the integral
I(R) =
1
3
0
 
Z
R
0
R
0
R
2
j(R
0
)R
02
dR
0
+
Z
1
R
R
R
02
j(R
0
)R
02
dR
0
!
: (47)
Finally, in the R 1 region of interest, the indued U(1) potential is
A

(x) =  
^
I
R
2
"

^x

; with ;
^
I =
1
3
0
Z
1
0
s
3
j(s) ds ; (48)
to be evaluated numerially using the numerially onstruted hedgehog prole fun-
tion F (x) (38).
Comparing (48) with the usual Maxwell potential of a magneti dipole 
A(x) =
 x
4R
3
;
we nd that  = (0; 0; ) is
 = 4
^
I : (49)
We an evaluate the magneti moment (49) and the energy orretion (41) indued
by the eletromagneti eld by evaluating the integral (47) and (48) numerially. If
we take the experimental values F

= 186MeV and a = 7:2 we obtain
 = 0:01393fm = 0:43nm (50)
E =  0:1keV: (51)
The experimental value for the magneti moment of the proton and the neutron are
respetivly 
p
= 0:0902fm = 2:79nm and 
n
= 0:0617fm =  1:91nm. If on the
other hand we take the values of the parameters derived in [3℄, F

= 129MeV and
a = 5:45, we have
 = 0:0468fm = 1:449nm (52)
E =  0:32keV: (53)
The magneti moment of a partile is stritly speaking a quantum property and it
should be omputed by quantising the SU(2) gauge degree of freedom as in [3℄. Nev-
ertheless, we see that if the take the parameters derived in [3℄ the lassial magneti
moment is of the orret order of magnitude. The sign is of ourse undetermined as
the lassial magneti moment is a vetor. We an thus onlude that our model oers
a reasonable lassial desription of Nuleons and aords a method for omputing the
eletromagneti eld generated by the Skyrmion, lassially. It is quite surprising to
see that a quantum property like the magneti moment an be reasonably predited
by a purely lassial proedure.
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5 Summary and disussion
We have shown that the SU(2) Skyrme model gauged with U(1) has two types of
nite energy stati solutions, eletrially unharged and harged respetively. Both
of these solutions are axially symmetri and arry no magneti harge but support a
magneti eld shaped like a torus entred around the axis of symmetry, albeit resulting
in zero magneti ux. The unharged solutions, like the ungauged Skyrmion, have a
topologial lower bound. The eletrially harged solutions are the analogues of the
Julia-Zee dyons [9℄ of the Georgi-Glashow model.
Conerning the stability of the eletrially neutral solution, whih is expeted to be
stable by virtue of the lower bound on the energy, we have not made any quantitative
eort to test it. We expet however that the solitons of this gauged Skyrme model are
stable, or that at least they have stable branhes for all values of the parameters in the
model. This expetation is based on our knowledge of the orresponding situation
when the Skyrme model is gauged instead with SO(3) [20, 21℄, in whih ase the
equations arising from the imposition of spherial symmetry were one dimensional,
and hene tehnially muh more amenable to the numerial integration. In that
ase it was found that in addition to stable branhes of solutions, there were also
some unstable branhes bifurating from the former, the important matter being
that there were indeed stable branhes of solutions, haraterised by the (ranges of
the) parameters of the model. It would be very interesting to arry out the analysis
orresponding to that of [20, 21℄, for the onsiderably more omplex ase of the axially
symmetri equations at hand. This however is tehnially beyond the sope of the
present work.
The energies of the gauged unharged Skyrmions are smaller than the energy of the
usual ungauged Skyrmion. When the gauge oupling 1=
1=2
0
goes to 0, the unharged
gauged Skyrmion tends to the ungauged Skyrmion. We also note that the energy of
the eletrially harged Skyrmion is higher than the unharged one, just as the mass
of the dyon is higher than that of the monopole of the Georgi-Glashow model.
Perhaps the most interesting physial result of the present work is that when
parameters in the model are tted to reprodue physial quantities, it turns out that
the eet of the Maxwell term in the Skyrme Lagrangian is very small. This is beause
for the physial value of the onstant 
0
= 1138, the energy of the gauged unharged
Skyrmion diers little from that of the ungauged Skyrmion, as seen from Figure 1b.
The gauged Skyrmion eld itself is thus nearly radially symmetri (though the gauge
eld is not).
Having found that the inuene of the eletromagneti eld on the Skyrmion
is small, we were pointed in the diretion of treating the magneti potential as an
indued eld perturbatively around the (ungauged) Hedgehog. We have been able
thus, to ompute the lassial magneti moment of the (unharged) Skyrmion of unit
Baryon harge, namely of the Neutron. The result is that the lassial magneti
moment of the Skyrmion mathes surprisingly well to the experimental values of the
magneti moments of the Nuleons.
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where F

= 

A

  

A

and where the harge matrix of the quarks is expressed
as Q =
1
2
(
1
3
1 + 
3
). This diers from the ovariant derivative of Ref. [5℄ only in the
unimportant matter of the sign of i in (1), whih we have hosen for onsisteny of
the onvention used in Ref. [10℄.
In what follows it will be more onvenient [10℄ to parametrise the Skyrme eld as
an S
3
valued eld 
a
= (

; 
A
),  = 1; 2, A = 3; 4 subjet to the onstraint j
a
j
2
= 1.
The two elds U and  are related to eah other via the following expression
U = 
a

a
; U
 1
= U
y
= 
a
~
a
(2)
where 
a
= (i

; i
3
; 1) and ~
a
= ( i

; i
3
; 1), in terms of the Pauli matries
(
1
; 
2
; 
3
).
The gauge ovariant derivative now an be re-expressed as
D



= 



+ A

"



; D


A
= 


A
: (3)
where A

= eA

and F

= eF

.
The Lagrangian for the U(1) gauged Skyrme model an then be written as
L =  
0
F
2

+ 
1
jD


a
j
2
  
2
jD
[

a
D
℄

b
j
2
(4)
where the square brakets on the indies imply (total) antisymmetrisation and where

 1
0
= 4e
2
, 
1
= F
2

=8 and 
 1
2
= 8a
2
. The late Greek indies  label the Minkowskian
oordinates, while the early Greek indies  = 1; 2 and the upper ase Latin indies
A = 3; 4 label the elds 
a
= (

; 
A
).
The stati Hamiltonian pertaining to the Lagrangian (4) is
H = 
0
F
2
ij
+ 
1
jD
i

a
j
2
+ 
2
jD
[i

a
D
j℄

b
j
2
+i2
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j
i
A
0
j
2
+ A
2
0
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j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+ 16
2
[j

j
2
j
i

A
j
2
+
1
4
j
i
(j
A
j
2
)j
2
℄g;
(5)
where the indies i = ; 3 label the spae-like oordinates.
To nd the stati solutions of the model, one would usualy solve the Euler La-
grange equations whih minimise the Hamiltonian (5), but beause of the eletri
potential A
0
, one must solve the Euler Lagrange equations derived from the La-
grangian (4). We then look for stati solutions, but, as for the Julia-Zee dyon [9℄, we
have to impose the proper asymptoti behaviour for the eletri potential to obtain
stati solutions whih are eletrially harged (in the lassial sense, i.e. solutions
where the ux of the eletri eld is non zero).
When the full equations of motion are written down, one nds as expeted that
there are stati solutions for whih A
0
= 0, i.e. solutions for whih the eletri eld is
identially zero. For these solutions in the temporal gauge, the equations of motion
redue to the equations obtained by minimising the Hamiltonian (5). We study the
solutions of unit Baryon harge of the U(1) gauged Skyrme model with and whithout
an eletri eld, for various values of the U(1) oupling onstant (or equivalently the
3
